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@ (A, m) be Noetherian local ring of dimension d > 0.
@ / be an m primary ideal of A.
@ M be a finitely generated module of dimension d > 0.
e For each integer n € Z, define H; y(n) :== A\(M/I"T'M).

Hilbert polynomial of M

There exist integers e;(I, M)y, such that

Hiutn) =eo(t00) (" 5 ) =it (" 54T ) et
foralln > 0.

@ ¢;(I,M) : i-th Hilbert coefficient of M with respect to 1.
o If M = A, we write ¢;(I) = ¢;(I,A).
@ Define II(M) := {e;(I,M) |I is a parameter ideal for M}.
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e Hilbert function of A is defined by A\(A/I"*!).

@ Let K be an m-primary ideal. For all / C K and n € Z, define Hilbert
function of A with respect to K as Hf,(n) = A(A/KI"t").

e Forn> 0,
) =0 ("5 1) e ("5 ) s o,

e Define Ax(A) := {gK(I) | I is an m — primary ideal and I C K}.
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o II(M) := {e (I,M) |I is a parameter ideal for M}.

Theorem (L. Ghezzi et al., 2014)

Let A be a Noetherian local ring and M be a finitely generated unmixed
A-module with dimension d > 2. Then

Q@ M is Cohen-Macaulay if and only if 0 € II(M).
@ M is Buchsbaum if and only if |II (M)| = 1.
@ M is generalized Cohen-Macaulay if and only if II(M) is a finite set.
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extension of A}.
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Let (A, m) be a Cohen-Macaulay local ring of dimension one. Then
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Define A(A) := {e,(I) | I is an m — primary ideal of A}.

Theorem (K. Asuki and T. Naoki, preprint, 2013)

Let (A, m) be a Cohen-Macaulay local ring with dim A = 1 and A /w is infiinte.
Then A(A) = {\(B/A)|A C B C A is an intermediate ring which is a module finite
extension of A}.

Theorem (K. Asuki and T. Naoki, preprint, 2013)

Let (A, m) be a Cohen-Macaulay local ring of dimension one. Then

sup A(A) = M(A/A).

Let A be a Cohen-Macaulay local ring of dimension one. Then, A(A) is a finite set if
and only if A is analytically unramified.
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Theorem (K. Asuki and T. Naoki, preprint, 2013)

Let (A, m) be a Noetherian local ring with dim A = 1. Then

sup A(A) = X(B/B) — A(H(A)) and
inf A(4) = —A(H(4))

where B = A/HY,(A).
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Theorem (K. Asuki and T. Naoki, preprint, 2013)
Let (A, m) be a Noetherian local ring with dim A = 1. Then

sup A(A) = X(B/B) — A(H(A)) and
inf AA) = —A(HO(A))

where B = A/HY, (A).

Theorem (K. Asuki and T. Naoki, preprint, 2013)

Let (A, m) be a Noetherian local ring of dimension d > 1. Then TFAE.
Q@ A(A) is a finite set;
@ d = 1and A/H® (A) is analytically unramified.
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Finiteness of A(M) : A sufficient condition

@ Define Ay(M) := {e,(I, M) | I is an m — primary ideal of A}.
@ For simplicity, we write A(M) if A is unambiguous.

Let (A, m) be a Noetherian local ring and M be a finitely generated module
of dimension d. Then A(M) is finite implies d = 1.

Proof. We have
o e1(IF, M) = 51 eg(1, M) k¢ 4 20UM=(d=DeolM) i1,

e A(M) is finite implies the set {e;(I*, M) | k > 1 is an integer} is finite.

@ This is possible only if d = 1.
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‘We know that
SoAM/I M) =
-z

n>0 (1

Theorem (Tony J. Puthenpurakal, 2003)

Let (A, m) be a Cohen-Macaulay local ring of dimension d, I be an m-primary ideal
and M be a finitely generated module of dimension d. Let depth(M) > d — 1. Then

I(y_ 1 1
Q T A(Tort (M, A/1")g" = MOHEITME. where N = Syz' (M).
n>0
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Q u(M)ei(I,A) > ei(I,M) + e (1, Syz' (M)).
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A sufficient condition

o p(M)ei(I,A) > e\(I,M) + ei(I, Syz' (M)).

Let (A, m) be a Noetherian local ring of dimension one, I be an m-primary
ideal and M be a finitely generated module of dimension one. Then

er(I, A)u(M") + N(Hn(A)u(M') 2 er(I, M) + MNHp (M) + er(J, Syz' (M)
where A' = A/HY(A), M' = M/H%,(M) and J = IA’.
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A sufficient condition
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er(I, A)u(M") + N(Hn(A)u(M') 2 er(I, M) + MNHp (M) + er(J, Syz' (M)
where A' = A/HY(A), M' = M/H%,(M) and J = IA’.

e Since e;(J,Syz' (M')) > 0, we get an upper bound on e; (I, M).

Corollary

Let (A, m), I and M be as above. Then
O o1(I, M) < e1(1, A)u(M’) -+ A(HS(A) u(M").
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A sufficient condition

o p(M)ei(I,A) > e\(I,M) + ei(I, Syz' (M)).

Let (A, m) be a Noetherian local ring of dimension one, I be an m-primary
ideal and M be a finitely generated module of dimension one. Then

er(I, A)u(M") + N(Hn(A)u(M') 2 er(I, M) + MNHp (M) + er(J, Syz' (M)
where A' = A/HY(A), M' = M/H%,(M) and J = IA’.

e Since e;(J,Syz' (M')) > 0, we get an upper bound on e; (I, M).

Corollary

Let (A,m), I and M be as above. Then
O e1(I,M) < ex(I, A)u(M") + AHO(A) (M.
@ sup A(M) < (sup A(A) + NH(A) (M)
@ A/HC(A) is analytically unramified implies A(M) is finite.
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Case 1: When M is an m-primary ideal

@ Let ] and K be m-primary ideals and dim(K) = d.
o Define 71X (n) := M\ (Tor (A/I"t! A/K)).

o degree of 7 (x) < d — 1.

Theorem

Let (A, m) be a Noetherian local ring of dimension d. Let I and K be m-primary
ideals and dim(K) = d. Then degree of the polynomial 7-11 ®isd — 1. Further,

1K 7d71_ iql ”+d_(i+1)

where AL(K) = eip1(I) — eiv1 (IL,K) fori=0<i<d—2

and A_ | (K) = eq(I) — ea(I, K) + (—1)""'X\(A/K).
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Case 1: When M is an m-primary ideal

Let I and K be as above. Then ey(I) = ey(I,K). Suppose d > 2, then
61(1) > el(I,K).




Finiteness of A (M) : Necessary conditions

Case 1: When M is an m-primary ideal

Let I and K be as above. Then ey(I) = ey(I,K). Suppose d > 2, then
61(1) > el(I,K).

Incase of d = 1, 7.5 (n) = e;(I) — e1 (I, K) + A\(A/K) for n>> 0,
Consequently, e (I, K) < e;(I) + M\(A/K).
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Case 1: When M is an m-primary ideal

Let I and K be as above. Then eo(I) = eo(I, K). Suppose d > 2, then
61(1) > el(I,K).

Incase of d = 1, 7.5 (n) = e;(I) — e1 (I, K) + A\(A/K) for n>> 0,
Consequently, e (I, K) < e;(I) + M\(A/K).

Let A and K be as above. Then
Q sup A(K) < sup A(A) + M(A/K).
Q@ A/HY (A) is analytically unramified implies A(K) is finite.




Case 1: When M is an m-primary ideal

Example (sup A(K) # sup A(A) + A(A/K) — 1)
Let A = k[[r*,£)]], then A(A) = {0, 1}. Let K = m.

A(m/I"m) AA/IY) + A" /mI™) — A(A/m).
Soei(I,m) = e (I)+1— pu(I").

If possible, e, (I, m) = 1 for some I, then p(I") = e1(I) < 1. This implies
wu(I") = 1 for all n. Therefore I is a parameter ideal which is a contradiction.
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Case 1: When M is an m-primary ideal

Theorem

Let (A, m) be Cohen-Macaulay local ring of dimension one and K be an
m-primary ideal. Then, for all m-primary ideals I and for all n > 0,

MTor (A/I",A/K)) < e(K).

and equality holds if I is such that there exists a non-zero-divisor x; € K
such that (x;) N I"'K* = x,I"K*~! forallr > 0 and s > 0.
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and equality holds if I is such that there exists a non-zero-divisor x; € K
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Corollary
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Let (A, m) be Cohen-Macaulay local ring of dimension one and K be an
m-primary ideal. Then,

Q@ ¢ (I,K) > e1(I) — e(K) + AA/K) for all m-primary ideals I.
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Let (A, m) be Cohen-Macaulay local ring of dimension one and K be an
m-primary ideal. Then,
Q@ ¢ (I,K) > e1(I) — e(K) + AA/K) for all m-primary ideals I.
Q equality holds if I is such that there exists a non-zero-divisor x; € K
such that (x;) N I"K* = x;I"K*~" for all r > 0 and s > 0.
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Theorem

Let (A, m) be Cohen-Macaulay local ring of dimension one and K be an
m-primary ideal. Then, for all m-primary ideals I and for all n > 0,

MTor (A/I",A/K)) < e(K).

and equality holds if I is such that there exists a non-zero-divisor x; € K
such that (x;) N I"'K* = x,I"K*~! forallr > 0 and s > 0.
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Let (A, m) be Cohen-Macaulay local ring of dimension one and K be an
m-primary ideal. Then,

Q@ ¢ (I,K) > e1(I) — e(K) + AA/K) for all m-primary ideals I.

Q equality holds if I is such that there exists a non-zero-divisor x; € K
such that (x;) N I"K* = x;I"K*~" for all r > 0 and s > 0.

@ A(K) is finite if and only if A is analytically unramified.
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Case 1: When M is an m-primary ideal

Let A and K be as above. Then, for each m-primary ideal I,
el(l,K) > ei(I) — ei(K).
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Case 1: When M is an m-primary ideal

Let A and K be as above. Then, for each m-primary ideal I,
el(l,K) > ei(I) — ei(K).

Let (A, m) be a Noetherian local ring of dimension one and I and K be
m-primary ideals such that I C K. Then sup Ag(A) < sup A(A) — 1.
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Case 1: When M is an m-primary ideal

Let A and K be as above. Then, for each m-primary ideal I,

el(I,K) Z 61(1) — el(K).

Corollary

Let (A, m) be a Noetherian local ring of dimension one and I and K be
m-primary ideals such that I C K. Then sup Ag(A) < sup A(A) — 1.

Theorem

Let (A, m) be a Cohen-Macaulay local ring of dimension d > 1 and K be an
m-primary ideal. Then Ag(A) is finite if and only if d = 1 and A is
analytically unramified.
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Case 2: When M is an A-algebra

Theorem
Let (A, m) be one dimensional reduced Noetherian local ring. Let B D A be
a one dimensional Noetherian local ring such that B is finitely generated
A-module and \(B/A) is finite. Then, for each m-primary ideal I,

Q ¢ (1) < ei(l,B) + A(B/A).

@ A4(B) is finite if and only if A/HY (A) is analytically unramified.




Finiteness of A (M) : Necessary conditions

Case 2: When M is an A-algebra

Theorem

Let (A, m) be one dimensional reduced Noetherian local ring. Let B D A be
a one dimensional Noetherian local ring such that B is finitely generated
A-module and \(B/A) is finite. Then, for each m-primary ideal I,

Q ¢ (1) < ei(l,B) + A(B/A).
@ A4(B) is finite if and only if A/HY (A) is analytically unramified.

Proposition

Let (A, m) and (B, n) be one dimensional Noetherian local rings such that
A — B — 0 is exact. Then TFAE.

@ A4(B) is finite.
@ Ag(B) is finite .
@ B/H(B) is analytically unramified.
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Case 2: When M is an A-algebra

Let M = (x) be an ideal of dimension one. Then A(M) is finite if and only if
A/HC (A) is analytically unramified where A = A /ann(x).




Finiteness of A (M) :

Case 2: When M is an A-algebra

Let M = (x) be an ideal of dimension one. Then A(M) is finite if and only if
A/HC (A) is analytically unramified where A = A /ann(x).

Proposition

Letf : (A,m) — (B, n) be a local homomorphism such that B is a finite
A-module. Then |A4(B)| < |A(B)|.
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