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@ A and B — frame bounds.

e For frame {z,} in H, T : I*(N) — H,

o0

T({Ck}) = Z CrT.

k=1

is pre- frame operator.
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Basics

@ The adjoint operator of T', T* : H — [?
T (x) ={< z,z, >}72,.

is known as analysis operator.

@ Frame operator S =TT* : H — H defined as

S(x)zz<x,xk>xk x € H.
k=1



o Let {x,} be a frame for H with frame operator S. Then

o0
$:Z<$,S_lxk>xk, re€H.
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o Let {z,} be a frame for H with frame operator S. Then

o0
$:Z<$,S_1xk>xk, re€H.

k=1

o Let {z,,} in & and {f,} in & Then ({f.},{zn}) is an
atomic decomposition of £ with respect to &, if
(@) {fulx)} €& V€&
(b) Allzlle < [{/fn(2)} 5y < Bllzllz, ze€&
() =31y felx)zy , Vo €&,

A, B — atomic bounds.
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Banach Frame

Let {fu} in&E and §: E; — &. Then ({f,},S) is Banach

frame for £ w.r.to &, if
(a) {fulz)} € &y VT € E.
(b) Allzlle < [{fa(@)}le, < Bllzlle, z€€.

(c) S is bounded linear operator s.t.
S(fulx) =2 z€k&.

A, B — frame bounds.
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(i) Tight frame if A= B
(i) Normalized tight frame if A= B =1

(iii) Exact frame if there exists no reconstruction operator S

such that ({f, }nzi,So) (¢ € N) is a Banach frame for £.



SEES

@ For & =cg and {f,} in £ defined as
fo@) =&, neN) z={&} ek
Then there exist £, = {{f.(2)} : x € £} with norm
[ fn (@) e, = Izl
and S : & — & defined by

S{fal®)}) =2, z€k&.

Thus ({f,},S) is a Banach frame for £ w. r. to &,.

@ (> /cy does not have any Banach frame.
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Few Results on Banach Frames

(1) If a Banach space £ has an atomic decomposition, then &£

has a Banach frame. The converse need not be true.

(2) A Banach space with an atomic decomposition is
separable. However, the converse need not be true.

(3) Every separable Banach space has a normalized tight and
exact Banach frame.

(4) Let £ be a Banach space having a Banach frame. Then,

& has a normalized tight and exact Banach frame.
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o Let ({fn}, S)({fn} CE,S: & — &) be a Banach frame
for £ and G be a closed subspace of £. Then, 3 G, and
T : Gy — G such that ({f.|g}, T) is a Banach frame for
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o Let ({fn}, S){fu} C &, S : & — &) be a Banach frame
for E. Then, for every {n,} , 3 a closed subspace G of £
and T': G; — G such that ({f,.|g}, 7) is Banach frame
for G w.r.t G,.
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Frames in Subspaces of Banach Spaces

o Let ({fn} S){fn} C &% S:&; to &) be a exact Banach
frame for £. Then, for every {n;}, 3 a closed subspace G
of £ and T': G, to G such that ({f,,|g} T) is exact

Banach frame for G w.r.to G,

@ Let G C & such that G and E/G have Banach frames.

Then E also have a Banach Frame.



For £ = /(> and G = ¢y. € and G have Banach frame,

however £/G has no Banach frame.



Banach Frame System

o Let ({fn}, S){fu} C&*S: & — &) is a Banach frame
for £ w.rto & . Let {¢,} in £ be such that
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Banach Frame System

o Let ({fn}, S){fu} C&*S: & — &) is a Banach frame
for £ w.rto & . Let {¢,} in £ be such that

&i(f;) =0y, 1,5 EN.

If3&; and T : &%y — £ such that ({¢,}, T) is a Banach

frame for £ w.r.to &, then

(({£u};8), ({6}, T))

is a Banach frame system for F.

o ({¢n},T) is called an admissible Banach frame to

({fn}, S).



Examples of Banach frame System

Let £=1'and {f,} C &*. Define {g,} C £** by
gn($) = &n, 33:{5”} efl>* neN.

Let & = {{/n(x)} : x € £} and (E%)a = {{gn(f) - [ € £"}.
Then &; and (£*), are associated Banach space with norms
given by [[{fu(2)}le, = l|z[le, x € £ and

[{9n(F)HIesya = [|flle=, f € E* respectively. Define
S:E—=Eby S{fu(z)}) =z, x€€and T : (E*)y — E* by
T({ga(F)}) = f. f € € Then ({£.},S). ({9}, T)) is a

Banach frame system for £.



Examples of Banach frame System

(> has no Banach frame system however it posseses a Banach

frame.



Towards Uniqueness

As [fu] #E* let e € £\ [fn] » T go € £ such that

go(e) #0

and

go([fn]) = 0.



Towards Uniqueness

As [fu] ZE* let e € EX\ [fu] . 3 go € E** such that

go(e) #0

and
gO([fn]) =0.

Define {¢,} C £** by

¢1 =01 — 9o, ¢n = Gn, N = 273’ 47 .



Towards Uniqueness

As [fu] ZE* let e € EX\ [fu] . 3 go € E** such that

go(e) #0

and
gO([fn]) =0.

Define {¢,} C £** by
¢1 =01 — 9o, ¢n = Gn, N = 273’ 47 .

Then ({¢,},To) is another admissible Banach frame to

({f.}, S), where
Tg : (8*)03 — &*

by To({g.(N)}) = f, f €&
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Then, ({g.}, T) is the unique admissible Banach frame to
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Theorems

Theorem
Let(({fn},S), {gn}, T)) be a Banach frame system for £.

Then, ({g.}, T) is the unique admissible Banach frame to
({f.}, S) if and only if [f,] = &*

Theorem
If ({f.}, S) is an exact Banach frame for £ such that

| A\

(o)

N [filimis = {0

n=1

Then, &£ has a Banach frame system.
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Theorems

If ({fn},S), {&n},T)) is a Banach frame system for £ such

that each ¢,, is weak™ continuous, then

e}

N ilimis = {0

n=1

Theorem
If £ has a Banach frame ({¢,},T), where ¢,, is weak*

continuous for each n € N | then £ has a Banach frame

system.
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