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The word polynomial is derived from the Greek word “poly”
meaning many and Latin word “nomial” meaning term. A poly-
nomial is an expression involving a sum of terms in one or more
variables multiplied by coefficients.

7 2
o 4x3 + §X2 — ?x + 1 is a polynomial in one variable.
e 9v2x3y? + 6x2y 4 5xy + /3 is a polynomial in two
variables.

The degree of a polynomial apx"+ap_1x" 14 - -+ag is defined
to be n if a, # 0. The degree of the polynomial Z a;jxiyj in two
variables x, y is defined to be max{i + j|a; # 0}
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A polynomial of degree n > 1 with coefficients in a field F is
said to be irreducible over F if it cannot be written as a product
of two non constant polynomials over F of degree less than n.

e Every polynomial of degree one is irreducible.

o The polynomial x? + 1 is irreducible over R but reducible
over C.

@ Irreducible polynomials are the building blocks of all
polynomials.

The Fundamental Theorem of Algebra (Gauss, 1797).

Every polynomial f(x) with complex coefficients can be factored
into linear factors over the complex numbers.

Gauss used an alternative formulation that avoided the notion
of complex numbers, considering the polynomials f(x)f(x) and
proved that each irreducible polynomial over real numbers has

degree one or two.
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Carl Friedrich Gauss (1777-1855)
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@ Interestingly over Q for each number n > 1, one can easily
construct infinitely many irreducible polynomials of degree
n.

Eisenstein Irreducibility Criterion (1850).

Let F(x) = apx™ + a,_1x" "1+ --- + ag be a polynomial with
coefficient in the ring 7 of integers. Suppose that there exists a
prime number p such that

@ a, Is not divisible by p,
@ a; is divisible by p for 0 <i < n-—1,

@ ag is not divisible by p?

then F(x) is irreducible over the field Q of rational numbers.

v

Example: Consider the pth cyclotomic polynomial xP~% +xP~2 4
xP —1 . . (x+1)P-1
4l = . On changing x to x+1 it becomes ——— =
X — x+1-1
xP~1 4 (’f)x”*2 + (Pfl) and hence is irreducible over Q.
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In 1906, Dumas proved the following generalization of this
criterion.

Dumas Criterion.

Let F(x) = apx" + ap_1x"~1 + ... + ag be a polynomial with
coefficients in 7. Suppose there exists a prime p whose exact
power p'i dividing a; (where r; = 0o if a; =0), 0 < i < n, satisfy

o r, =0,
o (ri/n—1i)>(ro/n) for1<i<n-—1and
e gcd(rg, n) equals 1.

Then F(x) is irreducible over Q.

Example : x3 + 3x% + 9x + 9 is irreducible over Q.
Note that Eisenstein’s criterion is a special case of Dumas Crite-
rion with rp = 1.
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Definition.

For a given prime number p, let v, stand for the mapping
Vvp : Q" — Z defined as follows. Write any non zero rational
number a as p" 7, p{ mn. Set vp(a) = r. Then

(i) vi(ab) = vp(a) + vp(b)
(i) vp(a + b) > min{vp(a), vp(b)}.

Set vp(0) = 00. v, is called the p-adic valuation of Q.
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Using the p-adic valuation v, of the field Q, Dumas criterion
can be restated as:

Dumas Criterion.

Let F(x) = apx" + ap_1x" "1 4 --- + ag be a polynomial with co-
efficients in 7. Suppose there exists a prime number p such that
Vp(an) = 0, vp(aj)/n—i > vp(ag)/n for 1 < i < n—1 and vp(ao)
is coprime to n, then F(x) is irreducible over Q.

In 1923, Dumas criterion was extended to polynomials over
more general fields namely, fields with discrete valuations by
Kirschak. Indeed it was the Hungarian Mathematician JOSEPH
KURSCHAK who formulated the formal definition of the notion
of valuation of a field in 1912.
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Definition.

A real valuation v of a field K is a mapping v : K* — R
satisfying

(i) v(ab) = v(a) + v(b)
(ii) v(a+ b) > min{v(a), v(b)}
(iii) v(0) = oc.

v(K™) is called the value group of v. v said to be discrete if
v(K*) is isomorphic to Z.

Let R be U.F.D with quotient field K. and 7 be a prime
element of R. We denote the m-adic valuation of K defined for

any non-zero o € R by vr(a) = r, where « = 73, 8 € R, m does
not divide . It can be extended to K in a canonical manner.

v
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Definition: Krull valuation

A Krull valuation v of a field K is a mapping, i.e., v: K* — G
where G is a totally ordered (additively written) abelian group
satisfying (i) v(ab) = v(a) + v(b) (ii) v(a+ b) > min{v(a), v(b)}.
The pair (K, v) is called a valued field. The subring R, = {a €
K| v(a) > 0} of K with unique maximal ideal M, = {a €
K| v(a) > 0} is called the valuation ring of v.

Example Krull valuation.

Let vy denote the x-adic valuation of the field Q(x) of rational

functions in an indeterminate x trivial on Q. For any non-zero

polynomial g(x) belonging to Q(x), we shall denote g(©) the

constant term of the polynomial g(x)/x*(€X). Let p be any

rational prime. Let v be the mapping from non-zero elements of

Q(x) to Z x Z (lexicographically ordered) defined on Q[x] by
v(g(x)) = (w(g(x)), vel(2)).

Then v is a valuation on Q(x).
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Theorem 1. (-, J. Saha, 1997)

Let v be a Krull valuation of a field K with value group G and
F(x) = anx" + ap_1x"™1 + - + a9 be a polynomial over K. If

e v(a,) =0,

e v(aj)/n—i>v(ag)/nforl<i<n-—1and

e there does not exit any integer d > 1 dividing n such that
v(a0)/d € G,

then F(x) is irreducible over K.

Definition.

| A

A polynomial with coefficients from a valued field (K, v) which
satisfies the hypothesis of Theorem 1 is called an Eisenstein-
Dumas polynomial with respect to v.

v
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In 2001, S. Bhatia generalized Eisenstein - Dumas
Irreducibility Criterion in a different direction.

Theorem 2 (-, S. Bhatia)

Let F(x) = anx" + a,_1x" "1 + ... + ag be a polynomial with coef-
ficients in Z. Suppose there exists a prime p whose exact power p'i
dividing a; (where rj = oo if a; = 0), 0 < i < n, satisfy

o r, =0,
o (ri/n—1i)>(ro/n) for1 <i<n-—1and
o gcd(ry, n) = d and the polynomial a,x? + ag/p™ is
irreducible modulo p.
Then F(x) is irreducible over Q.

v

Example: Let p be a prime congruent 3 modulo 4. Let by, by, bs
be integers with by congruent 1 mod p. The polynomial
x4+ bapx3 4+ byp®x? + bop? is irreducible over Q.
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Theorem 3 (-, S. Bhatia).

Let f(x) and g(y) be non-constant polynomials with coefficients in
a field K. Let a and b denote respectively the leading coefficients
of f(x) and g(y) and m, n their degrees. If gcd(m,n) = r and if
z" — (b/a) is irreducible over K, then so is f(x) — g(y).

The result of Theorem 3 has its roots in a theorem of Ehren-
feucht. In 1956, Ehrenfeucht proved that a polynomial fi(x1) +
-+ + fu(xn) with complex coefficients is irreducible provided the
degrees of fi(x1), ..., fa(xn) have greatest common divisor one. In
1964, Tverberg extended this result by showing that when n > 3,
then fi(x1) + - + fo(xn) belonging to K[xi, ..., X, is irreducible
over any field K of characteristic zero in case the degree of each
f; is positive. He also proved that fi(x1) + f2(x2) is irreducible
over any field provided degrees of f; and £ are coprime.
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The following more general result was obtained for General-
ized Difference Polynomials jointly with A. J. Engler in 2008.

Recall that a polynomial P(x,y) is said to be a general-
ized difference polynomial (with respect to x) of the type (n, m)

m
if P(x,y) = ax™ + ZP,-(y)xm_", where a € K* m > 1, n =

i=1
deg Pm(y) > 1 and deg Pi(y) < ni/m for 1 <i<m—1.

Theorem 4. (-, A. J. Engler, 2008)

Let P(x,y) = ax™ + Pi(y)x™ ! + ... + Pm(y) be a generalized
difference polynomial of the type (n, m) over a field K. Let r be the
greatest common divisor of m,n and b be the leading coefficient
of Pm(y). Then the number of irreducible factors of P(x,y) over
K (counting multiplicities if any) does not exceed the number of
K-irreducible factors of the polynomial x" + g

v
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Proof of Theorem 4.

Let
P(x,y) = aFi(x,y)...Fs(x, y) (1)

be a factorization of P(x,y) as a product of irreducible factors
over K. Let x be given the weight n and y the weight m. Let
H;(x,y) denote the sum of those monomials occurring in Fi(x, y)
which have the highest weight, then H;(x, y) is a non-constant
polynomial. Denote g by —u. Keeping in mind the definition of
a generalized difference polynomial and comparing the terms of
highest weight on both sides of (1), it can be easily seen that

x™ —uy" = Hi(x,y)...Hs(x, y). (2)

Let p denote the characteristic of K or 1 according as char of K
is positive or zero.
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Let & be a primitive ri-th root of unity, where r = ptr, p does
not divide r;. The integers 7 and 7 will be denoted by my, m
respectively. Choose ¢ belonging to the algebraic closure K28 of

K such that ¢” = u. Rewrite (2) as
x™—uy" = l_‘[(xm1 — c€'y™) = Hy(x,y)...Hs(x, y). (3)
i=1

Recall that a polynomial of the type x/ — dy* is irreducible over
K28 where j, k are co-prime.Consequently each K-irreducible
factor of x™ — uy"” will be a polynomials in x™, y™ and thus
will be arise from a K-irreducible factor of x” — uy” and hence
from that of x” — u. This proves the theorem in view of (3).
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When is a translate g(x + b) of a given polynomial g(x) with coeffi-
cients in a valued field (K, v) an Eisenstein-Dumas polynomial with
respect to v?

In 2010, Anuj Bishnoi characterized such polynomials using
distinguished pairs and the following result was deduced as a
corollary which extends a result of M.Juras.

Theorem 5.

|

Let g(x) = Za,-xi be a monic polynomial of degree n with co-

efficients in a valued field (K,v). Suppose that the characteristic
of the residue field of v does not divide n. If there exists an ele-
ment b belonging to K such that g(x + b) is an Eisenstein-Dumas

. . . an—1
polynomial with respect to v, then so is g(x — =-2).

v
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Classical Schonemann Irreducibility Criterion(1846).

If a polynomial g(x) belonging to Z[x] has the form g(x) = f(x)" +
pM(x) where p is a prime numberand M[x] € Z|x] has degree less
than ndeg f(x) such that

e f(x) belonging to Z[x] is a monic polynomial which is irreducible
modulo p and

e f(x) is co-prime to M(x) modulo p,

then g(x) is irreducible in Q[x].

Eisenstein’s Criterion is easily seen to be a particular case
of Schénemann Criterion by setting f(x) = x. A polynomial
satisfying the hypothesis of the Schonemann Irreducibility
Criterion is called a Schonemann polynomial with respect to v,
and f(x).
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f(x)-expension

If f(x) is a fixed monic polynomial with co-efficients from an
integral domain R than each g(x) € R[x] can be uniquely
written as Zg;(x)f(x)i, deg gi(x) < deg f(x),referred to as the
f(x)-expansion of g(x).

It can be easily verified that a monic polynomial g(x) belonging
to Z[x] is a Schonemann polynomial w.r.t v, and f(x) if and only

if the f(x)-expansion of g(x) given by g(x Z gi(x i deggi(x) <

deg f(x), satisfies the following three cond1t1ons

(i) gn(x) = 1;

(ii) p divides the content of each polynomial gi(x) for 0 < i< n
(iii) p? does not divide the content of go(x).

This reformulation led to the generalization of Schonemann Cri-
terion to polynomials with coefficients in arbitrary valued fields.

7
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Gaussian prolongation

Let v be a valuation of K. We shall denote by v* the Gaussian
prolongation of v to K(x) defined on K[x] by

vX(Za;xi) = m,_in{v(a,-)},a,- € K.

Restatement of classical Schonemann Irreducibility Criterion.

Let f(x) belonging to Z[x] is a monic polynomial which is
irreducible modulo p and g(x) belonging to Z[x] be a

polynomial whose f(x)-expansion Z gi(x)f(x)" satisfies
i=0

Then g(x) is irreducible over Q.

V.
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Theorem 6. Generalized Schonemann Irreducibility Criterion.

(-, J. Saha, R. Brown; 1997,2008)

Let v be a Krull valuation of a field K with value group G and valua-

tion ring R, having maximal ideal M,,. Let f(x) belonging to R,[x]

be a monic polynomial which is irreducible modulo M,,. Assume

that g(x) belonging to R,[x] is a polynomial whose f(x)-expansion
n

Zg,-(x)f(x)’ satisfies (i) gn(x) = 1, (i) ~ g’(x)) > £ (gO(X)) >0

for0<i<n-—1 and (iii) v*(go(x)) ¢ dG for any number d > 1
dlwdlng n. Then g(x) is irreducible over K.

4

A polynomial g(x) satisfying conditions (i), (ii), (iii) of the
above Theorem 6 will be referred to as a Generalized Schénemann
polynomial with respect to v and f(x).
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In 2011, Ramneek extended Generalized Schénemann Irre-
ducibility Criterion and obtained the following result.

Theorem 7. (-, R. Khassa)

Let v be a henselian Krull valuation of a field K with value group G

and valuation ring R, having maximal ideal M. Let f(x) belonging

to R,[x] be a monic polynomial of degree m which is irreducible

modulo M, and A(x) belonging to R,[x]be a monic polynomial with
n

f(x)-expansion Z Ai(x)f(x)". Assume that there exists s < n such
i=0

that (i) v¥(As(x)) = 0, (i) LA > () g for 0 < i <
s — 1 and (iii) v*(Ao(x)) ¢ dG for any number d > 1 dividing s.
Then A(x) has an irreducible factor g(x) of degree sm over K such
that g(x) is a Generalized Schénemann polynomial with respect
to v and f(x); moreover the f(x)-expansion of g(x) = f(x)° +
gs 1(X)F(x)*"1 + ... + go(x) satisfies v*(go(x)) = v*(Ao(x)).
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A special case of her previous result is following;:

Theorem 8. (-, R. Khassa.)

Let v be a discrete valuation of K with value group Z, valuation ring

R, having maximal ideal M, generated by 7. Let f(x) belonging to

R, [x] be a monic polynomial of degree m which is irreducible modulo

M,. Let A(x) belonging to R,[x] be a monic polynomial having
n

f(x)-expansion Z Ai(x)f(x)". Assume that there exists s < n such
i=0

that 7 does not divide the content of As(x), m divides the content

of each Ai(x),0 < i < s — 1 and 7? does not divide the content

of Ap(x).Then A(x) has an irreducible factor of degree sm over the

completion (K, ¥) of (K, v) which is a Schénemann polynomial with

respect to ¥ and f(x).
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Motivation

Let g(x) = x" + ap_1x" "1 + .- + a9 be a monic polynomial with
coefficients in Z such that p does not divide as, p divides each a;
for 0 < i< s—1 and p? does not divide ag. Then g(x) has an
irreducible factor of degree > s over Z.

Theorem 9 (-, R. Khassa)

Let g(x) = x" + ap_1x""1 + - 4+ ag be a monic polynomial with
coefficients in 7. such that p does not divide as, p divides each a;
for 0 < i < s — 1 and p? does not divide ag. Then g(x) has
an irreducible factor of degree s over p-adic integers which is an
Eisenstein polynomial with respect to p.

| \

A\
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Akira’s Criterion(1982).

Let F(x) = x"+an_1x""1+...+ag belonging to Z[x] be a polyno-
mial satisfying the following conditions for a prime p and an index
s<n—1.

(i) plai for 0 < i <s—1, p?>taog,ptas.

(ii) The polynomial x"~S+a,_1x"~5~1+.. .+a is irreducible modulo
p.

(iii) No divisor of ayg co-prime to p is congruent to as modulo p.
Then F(x) is irreducible over Q.

The polynomial x° + ax* — 3x3 + bx? + cx + 7 is irreducible over
Q for any choice of integers a, b, ¢ all divisible by 7.
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Theorem 10. Generalized Akira’s Criterion (-, R. Khassa)

Let Ry be an integrally closed domain with quotient field K and
v be a discrete valuation of K with R, containing Ry. Let F(x) =
x"+a,_1x" 14 . .+ag belonging to Ry[x] be a polynomial satisfying
the following conditions for an index s < n— 1.

(i) v(as) =0 and v(a;) > 0 for 0 < i <s—1, and v(ap) = 1.

(ii) The polynomial x"~°+a,_1x"~5~1+. ..+ a; is irreducible Mod-
ulo M, over the residue field of v.

(iii)d # as modulo M, for any divisor d of ag in Ry.

Then F(x) is irreducible over K.
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Proof of G.A.C.

Applying Theorem 9, we see that F(x) has an irreducible factor
g(x) of degree s over the completion (K, ¥) of (K, v), which is
an Eisenstein polynomial with respect to v. Write

F(x) = g(x)h(x), where g(x) = x* + bs_1x*~1 + ... + by,

h(x) = x"=5 4+ ch_s_1x" "1+ ... + co. In view of the
hypothesis, F(x) = x*(x"~° + a,_1x"*"1 4+ ... + a5) modulo
M, so I_v(x) =x""5+3,_1x"°"1 4+ ...+ 3, which is given to be
irreducible over the residue field of v. Hence h(x) is also
irreducible over K. Note that ¢ = 3s # 0 by hypothesis. If F (x)
were reducible over K, then g(x) and h(x) being irreducible
over K , would belong to Rp[x] and consequently the equality

ap = bpcp would contradict assumption (iii) of the corollary for
the divisor ¢y belonging to Ry of ag.
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Theorem 11. (Weintraub, 2013)

Let F(x) = anx" + a,—1x""* + ... + ag belonging to Z[x] be
a polynomial and suppose there is a prime p which does not
divide a,, p divides a; for i = 0,--- ,n — 1 and for some k with
0< k< n-— 1,p2 does not divide a,. Let kg be the smallest
such value of k. If F(x) = g(x)h(x) is a factorization in Z[x],
then min(deg g(x), deg h(x)) < ko. In particular, for a primitive
polynomial F(x) if ko = 0 then F(x) is irreducible over Z.

v

Remark: The polynomial

x2k+m + p2Xk+m + (,03 _ p2)Xm —{—pXk +P2 with kg = k > 1 is
reducible having factorization (x* + p)(x**™ + (p? — p)x™ + p).
Observation: The hypothesis of above theorem implies that kg

be the smallest index such that min { Vo(2 )|0 <i<n- 1} =
VP(ako) _ 1
n— ko n— kg '
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Theorem 12. (-, B. Tarar, 2015)

Let v be a valuation of a field K with valuation ring R,. Let

n
F(x) = Z aix" € R,[x] be a polynomial with v(a,) = 0. Let ko

i=0
be the (sm)allest index such tha‘E )
. v(a; : v(ak
A g<i<n_1l =A%)
mln{n_l_|0_l_n } p—
co-prime, then for any factorization of F(x) as g(x)h(x) in K[x],

min{deg g(x), deg h(x)} < ko.

> 0. If v(ak,), n — ko are

v
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Theorem 13. (-, B. Tarar, 2015)

Let v be a valuation of a field K with valuation ring R, having
maximal ideal M,. Let f(x) belonging to R,[x] be a monic
polynomial of degree m which is irreducible modulo M, and
A(x) belonging to R,[x] be a monic polynomial with

n

f(x)-expansion Z Ai(x)f(x)", An(x) = 1. Let ko be the smallest
i=0
integer such that

min{W\Ogign—l}:W>0.If

v¥(Ak,(x)), n — ko are co-prime, then for any factorization of
A(x) as g(x)h(x) in K[x], min{deg g(x),deg h(x)} < kom.
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Gotthold Max Eisenstein
Born: 16 April 1823 in Berlin, Germany
Died: 11 Oct 1852 in Berlin, Germany
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“What attracted me so strongly and exclusively to mathe-
matics, apart from the actual content, was particularly the
specific nature of the mental processes by which mathe-
matical concepts are handled. This way of deducing and
discovering new truths from old ones, and the extraordi-
nary clarity and self-evidence of the theorems, the inge-
niousness of the ideas ... had an irresistible fascination for
me. Beginning from the individual theorems, | grew ac-
customed to delve more deeply into their relationships and
to grasp whole theories as a single entity. That is how |
conceived the idea of mathematical beauty ...”
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