Your Roll Number: ................

Department of Mathematics, University of Delhi
M.Sc. Mathematics Examinations, May 2025
Part 11 Semester IV
MMath18- 401(i): Advanced Group Theory (UPC 223502401)

Time: 3 hours Maximum Marks: 70

Instructions: ® Write your roll number on the space provided at the top of
this page immediately on receipt of this question paper ¢ Q 1 is compulsoty
e Answer any four questions from Q2 to Q7. e Each question carries 14
marks.

(1) (a) Give an example of an infinite group having composition series.
(b) Show that the additive group of rational numbers is characteris-
tically simple group.
(c) Show that every nilpotent group is sovable.

(d) Let p be a prime. Show that the group Z /p*Z is indecomposable.

(2) (a) Let G be a group such that G/Z(G) is finite. Show that the
commutator subgroup G’ is finite.

(b) Define lower centers 7,(G) of a group G, for all n in N. Show
that, for all n, y,(G) is characteristic in G.

(3) (a) Let G be a finite group. Show that the frattini subgroup is the
set of nongenerators of G.

(b) Let H, K and L be normal subgroups of a group G. Show that
[L,H,K]S[H,K,L][K,L,H]. '

(4) (a) Let G be a simple group having both chain conditions, and let
¢ and 1) be normal nilpotent endomorphism of G. f ¢+ is
an endomorphism of G then prove that (¢ + )k = 0, for some

positive integer k.

(b) Define normalizer condition. Show that a nilpotent group satis-

fies normalizer condition.

(5) (a) Show that every two normal series of an arbitrary group have

refinements that are equivalent.

(b) Prove that the normal closure of a subset X of a group G 1s equal

to the subgroup generated by the conjugates of elements in X,

(6) (a) Show that every finite group has maximal normal nilpotent sub-

group.

3

3

Marks|
Marks|

= N

N

3
3

Marks|
Marks|

Nl= NI

[9 Marks]

[5 Marks]

[9 Marks]|

[5 Marks]

[9 Marks]

[5 Marks]

(9 Marks]

[5 Marks]

[0 Marks|



(

7

MMath18- 401(i): Advanced Group Theory (UPC 223502401) - 2-

(b) Define semidirect product. Is the quaternion group (03 semidirect
product of any of its two subgroups ? Justify.

) (a) Determine the free group generated by one element.

(b) Define presentation of a group. Give two presentations of a cyclic
group of order 35. Justify.

(c) Let N be normal subgroup of a finite group G. If P is Sylow
subgroup of N, then show that G = Ng(P)N.

By
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1. (a) Is A, the field of all algebraic numbers, & finite extension of Q7 Justify. (2)
(b) Let f(t) € Z[t] be a monic polynomial and o an algebraic number. Show that if
f(a) is an algebraic integer, then so is a. (3)

(c) Is every principal ideal domain a Dedekind domain? Justify. (3)

(d) Prove or disprove “If I ¢ J are ideals of the ring of algebraic integers of a number
field K, then Ng(I) > Ng(J).” = (3)

(e) Find the class number of Q(13). B , (3)

2. (a) Let K bea number field of degree n and Oy its ring of algebraic integers. Prove
that K has an integral basis and the additive group (Ok: +) is a free abelian group

of rank n. (T+3)

(b) Find the discriminant of Q(6), where 6* = 2. (4)

3. (a) Give examples to show that for a fixed a, Nk (o) and Tk («) depend on the number
field K. | (5)

(b) Find the degree. integral basis and discriminant of the number field K = Q0.
where ( is a primitive pth root of unity for some odd prime p. 9)

4. (a) Prove that the ring of algebraic integers of only finitely many imaginary quadratic
fields is a Euclidean domain. (8)

(b) Solve X% +2=Y? for X,Y € Z. (6)

ot

(a) Let R be an integral domain with quotient field K and I a non-zero fractional ideal
of R. Prove that the set I’ = {z € K | zI € R} is a fractional ideal of R. (4)

(b) Let K be a pumber field and O its ring of algebraic integers. Prove that every
non-zero fractional ideal of O is invertible. Deduce that every non-zero ideal of
Ok can be uniquely written as a product of prime ideals. (6-+4)




6. (a) State ang prove Minkowski’s Theorem, (1+5)

(b) Let K be o number field of degree 7 wit), ring of algebraic integers Ok and [ a
non-trivial idual uf Or. Prove that for the embedding «+ . K s L* a(I) is an

n-dimengioaj lattice, (8)
7. (a) State and brove the Dedeking Theorem, ‘ (2+8)
(b) Write down the prime ideal factorization of the ideal (11) of Z[\/=5]. (4)
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Instructions:  All symbols have their usual meaning. ® Question No.1 in Part-A is compulsory. °

Answer any four questions from remaining six questions in Part-B.

Part-A, Compulsory

1. Choose apipropriate options. Justifications are not required: (2x7)

(a) Which of the following statements are true:

A. BEvery geometrically independent set with k + 1 elements generates a unique k-simplex.
B. Every subset of a geometrically independent set is geometrically independent.

C. Weak topology on R* and subspace topology on R® mduced from the product topology on

R“ are same.
D. If a set of three points is geometrically independent then they are co-

y largé. Then which of the following

linear.

(b) Let K and L be two simplicial complexes in R™, m sufficient]
statements are true:
A If K = Cl(c"), n < m, then |K] is homeomorphm to S"
B. |K| must be a Hausdorfl subspace of R™.
C. Homology groups of K are independent of orlentatlon upto an 1somorphlsm

D. If Hy(K) = Hy(L) for all p > 0, then |K| and |L| are homeomorphlc
(¢} Let f.q:S* — S* be two continuous maps. Then wh1ch of the follqwmg statements are false:

A. If f and g are homotopic, then deg(f) = deg(g).
B. If f is a homeomorphism, then deg(f) = %1
C. If f is an antipodal map, then deg( =

D. If f is a constant map, then degree of f must be non-zero.
(d) Let K be a simplicial complex, v € K be a vertex and o be a simplex in K. Then which of the
following statements are true:
A. st(v) is an open subset of |K]|.
B. The intersection of st(v) with the set of vertices of K is {v}.
C. If z € int(0), then its barycentric coordinates not necessarily be positive.
D. For any simplicial complex K, Cp(K) = Cy(K*), for all p > 0.
(e) Which of the following statements are false :
A. Tetrahedron is a simple regular polyhedran.
B.

C. The Euler’s characteristic of 82 is zero.

A

1%' Betti pumber of a standard cylinder is 1.

D). Geometric carrier of a 2-simplex is a 2-pseudomanifold.
(f) Let K be a simplicial complex in R™. Then which of the tollowing statements are true:
A. The relation of connectedness in K is an equivalence relation.

B. K can have infinitely many combinatorial components.



C. | K| is necessarily compact and counected subset of R™.
D. K contains finitely many verlices.

(g) Let K = {{0),(3), (1), (ﬂ 1). (3. 1)} and L = {(0), ( (%), (1), <0’£;> (2 1)} be two simplicial com-
plexes and f : |1 ] ~ 2. Then which of the following

» a continuous map given by f(z) =
statements are true:
A. Cp(K) 2 Cyp(L), for all p > 0.
B. Hy(K) = H,(L), for all p > 0.
C. There exists a simplicial map ¢ : K1) — L, which is a simplicial approximation of f.

D. There exists an n > 0 such that ¢ : K™ — L is a simplicial approximation of f.

wl.—l

Part-B, Attempt any FOUR questions from the following

2. (a) Prove that a subset X = {vg,v1,...,vx} of R is geometrically independent if and only if
{v1 — vo, v - o , Uk — Vp} I8 hneal ly independent subset of R" (9)

(b) Prove that if ok = (vo,vl, ...,vx) is a k-simplex in R", then o* equals union of all line
segments joining v to the points of the simplex (v1, . .. Vk). _ (3)

3. (a) Let K = {{vo), (v1), (vo), (vs), (va), (v, v1), (v, va)y o1, v2), (w0, v8), (v, va), (v, va) } be asim-
plicial complex with orientation v < v1 < vz < v3 < v4. Compute H,(K). (7)
(b) Prove that the set of interiors of all simplexes of a simplicial complex K forms a partition of

K. (7)

4. (a) Prove that a subset {vg,v1,...,vx} of vertices in a simplicial complex K forms a simplex in
K if [JF st(v) # 0. ' : (5)

) Carefully state and prove the simplicial approximation theorem 9)

5. (a) Prove that if K is a connected simplicial complex, then |K | is pathlconnected. (6)
(b) Carefully state and prove the Euler-Poincaré theorem. (8)

6. (a) State and prove the Brower’s degree theorem. o , (7)
fb For distinct m,n € N, show that S™ is not homeomorphlc to S™, and use it to prove that R™

is not homeomorphic to R™. I : . (D)

7. (a) Let ¢ - K — L be a simplicial map between two simplicial complexes K and L, and {¢p}p>0
be the corresponding chain mapplng Prove that it-induces a homomorphism ¢}, : H,(K) —
H,(L), for all p > 0. (6)

(b) Carefully state and prove the Brower’s fixed point theorem (3
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Instructions: e Answer five questions o Questio ‘ A
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questions from Q2 to Q7 e Each question carries 14 marks. Al

usual meaning. o
(1) (a) State Peter-Weyl Theorem. ;e (2)
(b) Let G be a compact abelian group. Prove that for y # n € G (the dual group),

[ x(@)n(@) dz = 0. | BN

(3)

(c) Prove that a positive definite function is bounded.
(d) Give example of an orthogonal basis on H,, the space of homogenous polynomials

of degree n of two variables. 3)
(e) Give example of an irreducible representation which is not one-dimesnional. (3)

(2) (a) Let G be a locally compact group. For p,v,v € M(G), prove that (7)

(1) (pxv) =vr*p®
(i) p* (vxy) = (p*v)*xy
(b) Let 7 be unitary representation of a locally compact group G on H and M be a
closed invariant subspace for m. Prove that m = 7|y @ 7| 2. Give example to
show that the result may fail if 7 is not unitary. (7)

(3) (a) Let ue M (&) be a positive measure and ¢, : G —= C be defined as

bulz) = /G £(z) du(6)-

Prove that ¢, is bounded, continuous and is of positive type. (7)
(b) Let m; and 7y be isomorphic irreducible unitary representations of a locally
compact group G. Prove that C(m, T2) is one dimensional. : (7)

(4) (a) Let G be a locally compact group with left Haar measure p and 7, : G —
B(L2(@)) be defined as 71 (z)(f) = Lo f. Prove that 7 is a unitary representa-

tion.
(b) Define the dual group of a locally compact abelian group. Prove that the dual
group of the circle group S* is (group) isomorphic to Z. (7)

(5) (a) Let 7 be a unitary representation of a locally compact group G. Prove that
there exists a *-representation p of L'(G) on H such that (7

(p(f)u,v) = / [(z)(m(z)u,v) de Y u,v € H, f € LY(G).
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(b) Prove that every irreducible unitary representation of a compact group is finite
dimensional. )

(6) (a) Let p be a left Haar measure on & locally compact group G. Prove that (7)
(i) w(U) > 0, for any non-empty open subset U C G.
(it) [ f du >0, for any f e CHG).
(b) For n € NU {0}, consider the unitary representation m, : S U(2) — B(Hx)
defined as mp(A)(f(2)) = f(zA), A€ S U(2), H, being the space of homogenous
polynomials of degree n of two variables. Prove that m, is irreducible. )

(7) (a) Let G bea topological group and U be an open subset of G. Prove that for any
z € G, Uz is open. Further prove that if, in addition, U is a subgroup then U
is closed. (M

(b) For a compact group G, define ZL2(G). Prove that for any f e zL*G), | (7)
=3 <fixe>xn

(7] G
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Q. No. 1is COMPULSORY. ¢ All

Instructions: e Attempt FIVE questions in all. e
usual meaning.

questions carry equal marks. e Symbols have their

. (Question No. 1 is Compulsory)
(1) (a) Show that a minimal frame for an infinite-dimensional Hilbert space H is
w-independent.
(b) Define exact frame. Give an example,
which is exact.
¢) Find two dual frames, with justification, of the frame {0, €1, €2, €3,

(2(N), where {ex}2; 18 an orthonormal basis of £2(N).

(d) Give an example, with justification, of a Bessel sequence in C® which is not

3 frame for C°.

with justification, of & frame in L?(R)

...} for

(Answer any FOUR questions from Q. No. 2 to Q. No. 7)

(2) (a) Let {fi}r=y be 2 frame for a subspace W of C". Find a formula for the
orthogonal projection of C* onto W in terms of the frame {fx}i-

(b) State and prove the frame algorithm.

(3) (a) Let {fe}i:1 be a Bessel sequence in an infinite-dimensional Hilbert space H

with Bessel bound B. Show that
(i) [|f&]l* < B forall j € N.
(i) [|f;]|* = B for some positive integer j = fi L f; forall k€N \ {7}

(b) Let {fp}7, be a sequence in an infinite-dimensional Hilbert space ‘H and

B > 0such that S |(f;, fu)] < B forallj € N. Show that {fi}§, is a Bessel

k=1
sequence with Bessel bound B.

(4) (a) Define the pre-frame operator of a continuous frame for an infinite-dimensional
Hilbert space H.

(b) Let {fr}32, be a frame for an infinite-dimensional complex Hilbert space H
." with pre-frame operator T'. Show that for every € € (0, 1), there exist three

orthonormal bases {e{" }32;, {efcz)},;“;l and {e®}22, for H such that

o
fr = ——1“_”6 (eg) +e + e¥), Vk €N,
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(5) (a) Give an example, with justification, of a Ricsz basis for 2(N) with optimal
Riesz bounds equal to 1.

(b) Show that a sequence {fr}Re, inan infinite-dimensional Hilbert space His a

Riesz basis for H if and only if {fx}izy is a completg Bessel sequence, and it

has a complete biorthogonal sequence {gr}32y which is also a Bessel sequence.

(6) (a) Show that the coefficient functionals associated to a Qchauder basis for a

Banach space are continuous.
(b) Show that any two similar Parseval frames are unitarily equivalent.

(c) State and prove the Haar decomposition theorem.
(7) (a) Let ¢ and ¢ denote the Haar scaling function and Haar Wavglet, respec-
tively. Show that if Vo = span{¢(z — k) }rez and W, = span{¢(2'z — k) }kez
j € NU{0}, then L*(R) = Vo @D W;.
j=0

(b) Define multiresolution analysis. Give an example, with justification, of a
multiresolution analysis in L*(R).
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Instructions: e Attempt five questions in all. Questi
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the symbols have their usual meaning unle

Throughout this paper, H will be a complex Hilbert space and X will be a

Banach space.
Q1. (a) If alinear operator 7' is defined everywhere on H, show
adjoint operator 7™ is bounded.
(b) Let S:D(S) > H and I': D(T) — H be linear operators which are
densely defined in H. If § C T, then show that T* C S*.

(c) Let 7'(t) and S(t) be C. semigroups of bounded linear operators with

infinitesimal generators A and B, respectively. If A= B, show. that,

T(t) = S(t) for ¢ > 0. :

(d) Let T(t) be a Cp semigroup of bounded operators. If for every t> 0,

T(t)~! exists and is a bounded operator then show that S(t) = T'(t)™"

is a Cp semigroup of bounded operators. ~Also, find- its infinitesimal.

generator.

Q2. (a) Let7:D(7) — H be a.densely defined linear.operator in H. Moreover, .
suppose that 7" is injective and its range R(T) is dense in H. Prove that

T is injective, and (%)t = (T71)*.
(bj Let 7 : D(T) — H be a self-adjoint densely defined linear. operator.

Show that the spectrum o(7T) is real and closed.

Q3. (2) Let T : D(T) —» H be a self-adjoint densely defined lincar operator.
Show that A ¢ p(1') if there exists a ¢ > 0 such that for every = € D(1),
1 — Mzl > ¢

]

(b)  Show that the mulfiplication operator T : DT — L2(—00, +00),
zi ta, where D(1") ¢ L*(~00,-+00), is unbounded and self-adjoint.

that its Hilbert- .-

[4 Marks]
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(7Y of a symmetric Jinear operator

Q4. (a)  Show that. Lhe point spectrim op
(1) is counta ble.

PD(1Y oy H s real. I 18 acparable, show that opl

resolvent set of the inﬁnitesimal

(b) Give an example to show that the
ain more than

generatotefa Cp se migroup of contr: actions need not cont

the open right halfplane.
ix . Avnl <
Q5. (a) Let Aboalinear operator for which p(A) > (0, 0,00). If | ATR(N : A <
M forn == 1,2.-- , A > 0 then show that there exists a norm [ ]
jginal normn || - || on X and satisfies

on X which is equivalent, to the ori
=) < |} < M|jz|| for z € X; and AR(N: A)z| < <|z|forze X, A> 0.
ed linear

(b) Let T'(t) and S(t) be uniformly continuous ‘semigroups of bound

operators. If
T(t) - ) — 1
o O =T 4y S22
110 t 40
then show that 7'() = S(t) for t > 0.

Q6. (a) Let A be a line
dissipative and there is a Ao > 0 such that R(Aol — A) =
that A is the infinitesimal generator of a Co semigroup of contractions

cn X.

X then prove

{b) Let A bé1dissipaﬁve.with\_R(I —~ A) = X..If X is reflexive, prove that

D(A) is dense in X.

Q7. (a) State and prove Stones Theorem

(b) Let X be a reflexive Banach space, and let T'(t) be a C’o semigroup on X
with infinitesimal gencrator A. Show that the adjoint semigroup T'(¢)*

of 7°(t) is a (g serigroup on X*, whose infinitesimal generator is A* (the

adjoint, of A).

Aok

ar operstor with demse domain D(A) in X. If Ais

[a Marks|

[6 Mar k)

[8' Marks)

[6 Marks|

[8 Mearks]

[6 Marks]

[8 Marks]

{6 Marks]
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Question No. 1 is compulsory. Attempt any four questions
bset of R™.

Unless otherwise mentioned, U/ will be an open su

1]

(1) (a) Define k-surface.
(b) State the Stokes’ theorem. (2]
(c) Define oriented affine k-simplex. (2]
(d) Let f(z,y,2) = I—szﬁ be a function and a = (0,0,0). Find the-directional
derivative of f at a with respect to vector u = (1,0,1). (3]
d

(e) Let f: U — R™ be a map. Define the derivative of f at a point a € U an
show that the derivative at a is unique.

3]
any closed 1-surface . [3]

(z) = D;D;f(a) for
[8

(f) Let w be an exact 1-form. Show that fvw: 0 for

(2) (a) Let f:U — R be a map of class C2. Show that D;D; f
all z € U for all 4,7 € {1,2,...,n}.

(b) Let f : U — R be a map of class CF. State and prove Taylor’s formula with

Lagrange’s remainder of order k in a neighborhood of a € U. 6]

(3) (a) Let E be an open set inR™and T : E — U be a C*map. Let w and A be
k-form and ¢-form in U, respectively. Show that :

(1) (w A\ >\)T = Wwr N )\T- g [3]
(ii) d(wr) = (dw)r- (3]
(b) State and prove the Implicit Function Theorem. ‘ [8]
(4) (a) Let f:U — R™ be a map of class C! and Df(x) is invertible for all z € U.
If f is injective, show that f is an open map. 8]
(b) Let w = (27 + yz)dz + (zz)dy + (zy)dz. Prove that w is exact. 6]

(5) (a) Suppose w is a k-form in an open set F C R™, ® a k-surface in £ with
parameter domain D C R¥ and A is k-surface in RF with parameter domain
D defined by A(u) = u for all w € D. Show that [7]

/w-——/wq).
JP JA

(b) Let I* b‘e a lg-cell and _f « I ’“ — R be a continuous map. Show that the
integration [wf=[[ [ fdxidas- - dx) makes sense, and it is
independent of the order of integrations. [7]

1



(6) (a) Let v [0, 1] — R defined by ’y(/) = (c()s[,, sin /)’ and w = ’[;d’(/ be a 2-f(’)rm in
R?2. Let T(x,y) = (2* — 42, xy) be a map. Evaluate f7 wy and fTMUJ 77

(b) Let V be neighborhood of 0 € R™, F': V — R™ be a C'' map such that
F(0) = 0 and DF(0) is invertible. Let P,, F(z) = Py 1(x) for all 7 € v,
for some 1 < m < n — 1. Show that there exist a neighborhood U of 0 and a
Cl-map F' : U — R" such that F/(0) = 0, DF'(0) is invertible and
P, F(z) = Pp(x) for all z € U. Here Py(21,...,7n) = (z1,...,7k0,...,0).
(7]
(7) (a) Let {Uy, Uy} be open subsets of R™ such that Uy = {r e R" | ||z|| < 2} and

Uy = {x € R" | ||z|| > 1}. Construct a partition of unity ¢; : R" — [0,1] for

i = 1,2 subordinate to cover {U, Us}. (7]
(b) Let o = [0, ey, €] be the standard affine oriented 2-simplex in R?. Use the

Stokes’ theorem to Evaluate the line integral [7]

/ (z%y 4+ y)dz + (zy? + z)dy
oo
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TInstructions: Attempt five (5) questions in all. Question no. 1
is compulsory. All questions carry cqual marks. Unless otherwisc
stated U denotes an open subset of R

1. (a) Compute Vyf where f(x1,22) = T2 — 1172, V =
(1,2, cos, sinf). ‘ : (2]
(b) Show that the set S of all unit vectors at all points of R?
forms a 3-surfacc in R*. = (3]
(c) Let f: U — R bea smooth function and let o : [ = U
b;e an integral curve of the gradient field Vf. Show that

d RS RS ST § PR S PA3 R s
Loy =lvseiyl? . B
(d) Let S be an n-surface in Rl pe S and v € 5y
Show that differential V and the “covariant differential D.
of tangent vector fields X ‘and Y on S are related by:
V(X Y)=D,X Y(p) +X(p)-DJY. [3]
(e) Find the length of the paramet'r‘ized-curvefd: I — R
given by a(t) = (vV/2c0s2t, sin2t, sin2t), I = [0, 27] [3]

2. (a) Define local parametrization of a plane curve C. Show
that local parametrization of a plane curve is unique up to
reparametrization. TR 1 B [2+5]

(b) Let S denotes the cylinder % + x2 = r? of radius r > 0
in R3. Show that « is a geodesic of S if and only if it is
of the form «(t) = (rcos(at + b) + rsin(at +b), ct + d) for
some a,b,¢,d € IT. R |

3. (a) Let f:U — R be a smooth function. Let p be a regular
point of f, and let f(p) = c. Show that the set of all
vectors tangent to f~1(c) at p is exactly [Vf(@)]*t. [T

(b) Define the Weingarten map for an n-surface $ in R™*
oricnted by the unit normal veetor field N. Show that the
Weingarten map is self adjoint. [2+5]

4, (a) Let 9= f '(c) be an n-surface in R"' where f:U = R
is such that V f(q) # 0 for all ¢ € S. Suppose g : U — R
is a smooth function and p € S is an extreme point of

1



-v.’
-
S

R

. ber A such that

NIV 4_]\(11} th()rc 15 l(a] nu"l e values (_)f Lhe

g on S Shv(; \ ])etprmine the extremz+21. o 1/2’ >
Caln) = A VAV R "'.2 ) C]]i se ar )L cyY =
vy Y on the p [5_*_3]

function glr.y) = '
” and a function

.l(f’r"’bl>0' + fuofa
(b) Show that the Pmd““t fw o

. T

fonU is again a ]-form ot v

L and let @

ro smooth

|-form. &/

n+l .
Let w = Z /,‘d.T,' be a
i=1
R ) = (D). onnt ()
- functions. Ghow that

smooth 1-for
h — R a

- fr |

" f__‘ .
/w :/ ZJ(./?L'O(Y)E;‘ &
« a =1 ace \Vif,h dOt

dimensional vector sp ‘ '

v — V bea self-adjoint ‘lmcar
§g=fveV v VU= 1} nn'd
(v) - v- Show that f is
o is an eigenvector of

(a) Let V be 2 finite
product and let L :
transformation on V. Let
Jefine f: S — Ry flv) =1L

0.

stationary atvg € © if and only if v
T, with eigenvalue f(vo)- ; [9]
(H) Show that -t - s - dy — dx on
(b) Shos v hat the l(_form w PR Yy~ 24y
R2\ {0} 1is'not exact. : [5]
1Zn4+1 = b7 let p. 4 € ‘S’v

6. (a) Let S bean neplanc a @1+ ..+ Gn¥
and let v = (p,v) € Sp. Show that if o 'is any paramet-rized

 curve in S from p to g then P (v) = (g,v)- “What can you
say about parallel transport in an n-plane! [7]

(b) Let @ > b > 0, definc ¢ : R? — R? by w(f,9) =
((a + beosg)cost, (a + beosg)sinf, bsing) . Determine the

¢ and the Gaussian curvature of the
parametrized surface ¢. e 7]
Let S be an nsurface in R**! oriented by N and let
[t 7 be any non-zero normal vector field on

and let {vy,...,vn} be any basis

principal curvature

7. (a

et

p e S.
5 such that N = L
o 1Z]
for<S,. Show that the Gauss-Kronecker curvature K(p) of

S af p is given by

V) Vvl yA

oy | 2o I det | - | = (-0 der | 8]
Vi V. %
Z(p) Z(p)

(b) 1\(;“1,({ ahort notes on Mobius band and cirele of curvavure
343 |
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Time: 3 hours Marks: 70

e Question no. 1 1s

Instructions: e All notations used are standard. ‘
six questions.

compulsory. e Attempt any four questions from the remaining

(1) Do as directed.

(a) Is f : R = R defined by f(x) = 4z(1 — z) topologically (':onjugate
to g : R — R defined by g(z) = 22 — 97 Justify your claim.

(b) Prove that if (X, d) is a compact metric space and f: X = X is
an expansive homeomorphism then (X, f) has a generator.

(c) If (X,d) is a compact metric space and f~1: X — X is a homeo-
morphism having POTP then prove that f also has POTP.

(d) Find the set of periodic points of the doubling map on the unit
circle St. Is it a closed subset of S7

(e) If a k x k matrix A with entries in {0,1} is irreducible then prove
that its associated digraph is strongly connected.

(2) (a) Let A be a k x k matrix with entries in {0,1} such that no
row /column of A is full of zeros. If AV(Ax AV V(A x---x A) =

' . n—times

J for some n € N then prove that o|x, is topologically transitive.

(b) Prove that an irrational rotation on the unit circle S* is a minimal

homeomorphism. What can you say about a rational rotation on
S'? Justify your claim.

(3) (a) Prove Sarkovskii’s theorem. J ustify that the condition of continu-
ity of the function in the hypothesis of the theorem is a necessary
condition.

(b) Discuss attracting and repelling fixed points of the logistic func-
tion F, : R — R defined by F,(z) = pz(l — z),p € R, > 0.

(4) (a) Let X be a compact metric space and f : X — X continuous.
Prove that for every z € X, w(z) is a non-empty, closed f-invariant
subset of X,

(b) Do the graphical analysis of f : R — R defined by f(z) = a°.
Draw the phase portrait of the orbit of x = 2/3. Find W*(0) and
We(£1).

P.T.O.

(3 Marks]
2 Marks]
3 Marks]
[3 Marks]

[3 Marks]

[8 Marks]

[6 Marks]

[11 Marks]

[3 Marks]

[6 Marks]

[8 Marks]
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(5) (a) Prove that the space X = {(z,y) € R?: 22 +y° =4} with the (8 Marks]

subspace topology of the Euclidean space R? does not admit an
expansive homeomorphism.

(b) Let (X,d) and (Y, p) be two metric spaces, g @ X Y a home-
omorphism such that gt:Y = X is uniformly continuous and
p: XX be an expansive homeomorphism. Prove that gd)g‘l :
Y — Y is an expansive homeomorphism. Justify that uniform
continuity of g~! is a necessary condition.

6 Marks]

(6) (a) Prove that every contraction map on [0,1] with the usual metric (9 Marks]

has POTP. Use it to prove cos - [0,1] = [0, 1] has POTP.
(b) Let (X, d) be a compact metric space and f X — X an expansive [5 Marks]

homeomorphism. Prove that for any € > 0, @ number less than an
expansive constant for f, Wé(z,d) = Unx0 Frwe(f* (), d))-

(7) (a) Prove that a topologically Anosov self-homeomorphism on a corm= [9 Marks]
pact metric X is topologically stable in the class of all self-homeom-
orphisms of X. _
(b) Let (X, d) be a compact metric space and f : X — X bea [5 Marks]
homeomorphism having POTP then prove that f has canonical
coordinates.



© Time: 3 Hours
- Instructions: e Attempt-FIVE questions in all. @
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Part 11 Semester IV
MMATH18-404(i): ADVANCED FLUID DYNAMICS
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Maximum Marks: 70
Q.No.1 is compulsory.

-Attempt any FOUR questionsfrom Q.No.2 to Q.No.7. Each question carries 14

marks. ® All the symbols have their usnal meaning.

A

(1) (a) Find dimension of medium porosity ¢ in the gquation of continuity
for the porous medium c%f = div(pb).

(b) Show that under MHD approximation the electric ﬁgld energy per
unit mass is negligible in comparison with the magnetic field energy

per unit mass.
(c) Prove that Pre-Maxwell equation leads that a charge can not exist
in a conductor at rest. :

(d) Show that the shearing stress 7o on a wall of length [ and breadth
b for a fluid flow of density p, viscosity p and uniform stream speed
U is proportional to U 3

b(e) Define equation of state of a compressible cubstance. Write the
equation of state for non-ideal gas and dusty gas.

(f) Explain the difference between First and second law of thermody-
namics. - :

(2) (a) Write the total and kinetic energy equations for a compressible fluid
flow. Derive the internal energy equation p%% = %—g—f — V.? +

(VD).

[2 Marks]

[2 Marks]

[2 Marks]

[3 Marks]

[2 Marks]

[3 Marks|

[8 Marks]|

(b) Check whether the heat added @ and entropy S per unit mass of [3+3 Marks]

an ideal gas are function of state or not? Derive entropy equation
for non-ideal gas with equation of state p= (%’_%

(3) (a) Show that c,—c, = —T(%)g(%’:—)w@aﬁlculate ¢p— ¢y for the non-ideal
gas with equation of state p(v —b) = RT
(b) Investigate the maximum mass flow through a nozzle and show that
for maximum isentropic mass flow, conditions at the exit plane are
sonic.

(4) (a) Use the method of characteristic to find the solution of problems
(i)usH+cu, = 0,27€ Ryt > 0, (f6)up+uug =0,2 € R,t > 0; under the
condition u(z,0) = 1,z < 0, and 0,2 > 0. Draw the characteristic
curves of each and comment on uniqueness of the two solutions.

(b) Write the jump condition for the mass, momentum and energy equa-
tion across normal shock wave. Derive the %;j e % where M
is shock Mach number.

~?

[# Marks]

[7 Marks)

[7 Marks|



MMATH18-404(i):ADVANCED FLUID DYNAMICS
UPC 223502412 .2

(5) (a) Derive the magnetic field intensity equation for a conducting fluid
in motion. Explain physically each term of the equation.
(b) State and prove the Alfven’s theorem.
(¢) Define the displacement and momentum thickness of a boundary
layer and find the expression for each of them.

(6) (a) Define Lorentz Force and derive an expression for the magnetic
pressure.

(b) Show that the MHD wave propagate with the speed y/a?+ V%,
~ where V), is Alfven’s velocity.

(¢) Define the concept of Boundary layer in viscous fluid flow.

(7) (a) Derive the energy integral equation for steady, two dimensional
boundary layer flow of incompressible fluid.

(b) Derive the Prandtl’s boundary layer equations along with the bound-
ary conditions for two dimensional viscous incompressible fluid flow
over a slen.ler body. Write the corresponding equations for the steady
flow.

(6 Marks]

[5> Marks|
[3 Marks]

(7 Marks]
[5 Marks]

[2 Marks]

[6 Marks|

(8 Marks]
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Instructions: e Section A is compulsory. ® Answer any four questions from section Be
All notations have usual meaning ® Non-programmable scientific calculators are allowed

Section A
(1) (a) Find the range of values of ¢ for which the Gauss-Siedel iteration scheme
1 ¢ 1
converges for the numerical solution of AX = b where A = 02 1 ¢,
—c? ¢ 1

¢ is a real non zero constant.

(b) State true or false and justify the statement: Leap frog scheme for the nu-
merical solution of one dimensional heat equation is unconditionally stable.

(¢) Find numerical domain of dependence at the point (jAZ, kAy, (n + 1)At)
of the scheme u;’zl = agu?’k_l + agug?,k + a4u?+1,k.

(d) State Gerschgorin Circle Theorem. Illustrate how it can be used to check
the stability of a finite difference scheme.

Section B
(2) (a) Consider the scheme
Bz o\« _ Hz 2 Hy <2\ n
(1-2262) ujp = (1+ £52) (1+5282) s

o ﬁ 2 +1 _ % _ At At
(1 5 Jy) uip = Uk where p; = B ty = a2

for the numerical solution of the problem tugz; + uyy = u;. Show that this
scheme has truncation error of O((Az)? + (Ay)? + (At)?).
(b) Examine the stability of the Dufort Frankel scheme

24 12
Un+] _ n n 1
i T T U U Ty

for the solution of the problem u; = .

Upt, p= At/(A)z?.

(3) (a) Solve the Laplace equation
Vu=2? 44 (z,y) € R,u=(z"+y')/12 on 6R

wl}ere R is the interior of the unit square 0 < z,y <1, Az = Ay =1/4
using five point difference scheme and one iteration of Gauss Seidel method

—for-solving the resulting system-of equations. Use initial approximation as

Upj =0,V j=1(1)3.

(b) Consider the system of equations
du du
I A =
ot e T

(3]

(9]
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where v = [uy, ug,u3. .. ,uN]T is an N —dimensional vector and A is a con-
stant N x N matrix. Derive an implcit finite difference scheme for the
solution of the above problem.

(4) (a) Show that for the problem w(x,1) + a(z, 1)ug(z,t) =0, z€R, £ >0 the (7]
Lax-Wendroff scheme is second order consistent, in both space as well as time
variable.
(b) Consider the problem uy = Uy + 2 together with initial and boundary (7]

conditions u(z,0) = sinnz, %%(I,O) =0, 0 <z <1Lul0t) = U(lvt? =
0, £ > 0. Find the numerical solution of the above problem using central time

central space scheme (Az = 0.25, At = 0.1) for two time levels (¢t = 0.1, 0.2).

(5) (a) Derive Galerkin finite element approximation for the problem [7]
U — g = 2, 0 <z < 1,u(z,0) =z +1, u(0,t) =1, u(l,t) =2,

using Backward Euler scheme for time discretization and linear basis func-
tions in space direction. Obtain the resulting system of algebraic equations
for the first time level (take Az = 1/4).

(b) For the linear advection equation us +auy + buy = 0, where a, b are positive (7]
constants, discuss CFL condition and stability results for the scheme

R
U+ SRl + %ayou;;jl = Ul
|

(6) (a) Consider the following equation in cylindrical polar co-ordinates (7]
0%y 10u  0%u
= <r< <
8z2+r8r+6r2 flr,zu), 0<r< R, 0<z<eg,

%(0, 2) = 0,u(R, 2) = g(z), t > 0 u(r,0) = f(r) 0<r <R, u(rc)=h(r).

Derive a finite difference scheme for the numerical solution of the above
problem on a rectangular mesh.

2z, 0<zr<1/2
) 21—-z) 1/2<z<1,
u(0,£) = u(1,t) = 0 Vt > 0. Solve the above problem using weighted theta
method with 6 = 1/2, Az = 0.25,At = 0.1. Find the solution at the first
time level.
(7) (a) Consider the problem [10]
(U Fuyy) =1, 0<z <1, 0<y<],
w(z,0) = u(z,1) = u(0,y) = u(l,y) = 0.
Solve the above problem using a finite element technique involving triangular
elements and linear basis functions. Take Az = 1/2, Ay = 1/2 and obtain
the resulting system of algebraic equations in matrix form.

7]

(b) Consider uy = gz, 0 <z <1,t> 0, where u(z,0) = {

(b) Consider the problem Qugy — Uy + 2uyy + duy = 22, 0 < 2,y < 1, with [4]
Dirichlet boundary conditions. Derive a second order scheme for the numer-
ical solution of the above problem.

<
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Tlme 3 hours Maximum Marks: 70

Instructions: » Attempt any FIVE questions. & Question 1 is compulsory. e Each question
carries 14 marks.

R

(1) (a) Solve the initial value problem & = Az with

3 -2
A= [1 1 ] ‘
(b) Define the flow ¢; of the non-linear system i = f(x).
(c) Define the Poincare map.
(d) Determine the stability of the equilibrium points of the system %= f(x) with .-
( 2.’)32)- ’ . o
f( )" {1‘2(2-:131—(1‘2) ‘

(e) Compute the exponential of the matrix

1 2
0 —1|°

(f) Define the following terms: stable focus end w—linﬁﬁ‘pdintf |

(g) Find the maximal interval of existence (a, B) fo;i{’éh‘e 1n1t1aI value problem
) ¥

= — 0)=1
Ty 21_1’ 56'1()

dy=mz1, 22(0)=1 -
and if & > —oo or B < 0o then find the limit of the solution as t —a* or as ¢ — 8-
respectively. : '
(2) {2) Classify the equilibrium points of the Lorenz equation & = f(z) with -~ -

f(z) = | KTy = Tp — T1T3| .-
T1X9 — X3

for > 0. At-what value of the parameter p do two new equlhbnum pomts “blful cate”
from the equilibrium point at the origin?

(1) Sketch the phase portraits corresponding to
T = gin(v)

and determine the stability of all the fixed points,

\ V.

(¢) Use appropriate Liapunov function to determine the stab\llty ot the equlhbmum pomts .

of the following system

Dae rp PR Y .
Ly = Ly - Ldg 1 Ly — ,c‘l’,
3 :
Ly = L1+ Ty - T,
- 5
Pryg == L1y ~— .’L',’j.'r1 = 7).[73 — dig.

[2 Marks|

[2 Marks|
[2 Marks]
[2 Marks]

[2 Marks]|

[2 Marks|

[4 Marks]

(5 Marks]
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(3) State and prove the Stable-Manifold Theorem.

(4) (a) Define the term “Bifurcations”.

{b)- Discuss the stability analysis and whole mnechanism by making graphs for the following

one-dimensional system

&= px — x5

(c) Make bifurcation diagram for the pitchfork bifurcation.

(8} (a) Using an appropriate theorem, show that the following system has a critical point
with an elliptic domain at origin
=y, ¥=-z°+4zy.
(b) Solve the two-dimensional system
Yi=-Y, h=—th+2’, i=2z

and show that the successive approximations ®; — ® and ¥}, —» ¥ as k — oo for
all (yl,yn ‘.) S R3

(c) Find the stable, unstable and center subspaces Es E“ and Ec of the system T = A:c
with the matrix
1 01
A= [0 ~1] :

(6) {a) Construct the phase portriat for the followmg unda.mped pendulum by converting it
into Newtonian system

Z + sin(z) = 0.
~ (b) Define the following systems: Hamiltonian system with n degrees of freedom on E,
- radient system on E and orthogonai system to a planar system.
For the Hamiltonian function H(z,y) = 2+ 2y?, determine both Hamiltonian system

and gradient system. Find-the critical points for both the systems and determine the
type and nature of equilibrium point.

(7) ( a) State “The Local Center Manifold Theorem”.

(b) Use “The Local Center Manifold Thoerem” to ﬁnd the appromma.tlon for the flow ua
local center manifold for the system

) 2 Ry PO - el 2
Ly =29y LTy, Ly Ly < Tpdy, Y= —y -+ ag + x5.

Alsc, show that origin is a type of topological saddle that is unstable.

(14 Marks|

[2 Marks|
[8 Marks]

[4 Marks]

5 Marks|

[5 Marks]|

[4 Maris!

i4 Marks|

M0 Marks]
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Instructions: ® Question 118 compulsory. @ Attemnpt FIVE questions in all.

e All symbols have their usual meaning unless otherwise specified.

(1) (a) In the DES algorithm, how many bits are given as input to each S-

box and how many bits are produced as output from it? Is DES a
symmetric or asymmetric encryption algorithm, and why?

(b) What arc the possible key sizes in the AES algorithm? Which AES
key size requires 14 rounds of processing?

(c) What is the Vernam One-Time Pad cryptosystem and how does it
ensure perfect secrecy”

(2) Explain the RSA encryption scheme. Prove that med = m mod 1 where
(n,e) is the public key and d is the corresponding private key.

(3) Encrypt the plaintext 101 1000101001b10 using ECB mode and CBC mode
cxplaining cach step. Usc the permutation cipher with block length 4 and
the key ™ = (; :2,) i Ai) _ For CBC, take Initialization Vector V= 1010.

(4) Describe the structure of a Feistel cipher and explain the encryption and
decryption processes.

(5) (a) What is the Blum Blum Shub generator and how does it work?

(b) Starting with the key (1,0,0,0), determine the keystream and its
period, given that the keystream is generated by the recurrence relation
Ziva = (Zi T Ziy1) mod 2, i> 1.

(6) (a) Explan the round key generations Ay, Ry, oo Kig n the DES algo-
rithm without explicitly writing PC1 and PC2. )

(b) In the AES algorithm, the state is a 4% 4 matrix of bytes. How does
the ShiftRows operation change the state? ‘

(7) (a) What is unconditional security of a cryptographic protocol?

(b) What is Common Modulus Attack in RSA ciphe '
allow 1message recovery?’ pher and how does it

[2 Marks|

(2 Marks|

[3 Marks]

[7 Marks|

[3-+4 Marks|

[7 Marks|

[4 Marks]
[3 Marks|

15 Marks,

[2 Marks|

[2 Marks|
[5 Marks|
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Instructions: ® Question no. 11is compulsory. ® Answer any four questions
from Q. 2 1o Q. 7. @ All notations have usual meaning.

(1) (a) What is the Slater’s condition for convex prograuiming prrob-
lem?

(b) Define e-band hyperplane for a linear regression problem.

(¢) Illustrate adjacent matrix of the graph with suitable example.

(2) (a) State the strong duality theorem.

(b) Write the KKT conditions for the convex optimization problem:

min  fo(z), z€R"
st. fi(z) <0, i=1...,m
hi(:z:)zafm—bi=0, i=1,...,p

Further, prove that for thg above problem satisfying Slater’s con-
dition, it is necessary and sufficient for its solution z* to satisfy
KKT conditions.

(3) Consider the lincarly separable problem (P):
1
Minimize §||'w]|2
subject to yi(w - z; +b) > 1, i=1,2,...,1,
corresponding to the training set T = {(z1, y1), (22, Ya), -« (@)}
Prove that (P) has a solution (w*,b*) such that w* # 0. Also, prove

that there exists a j € {i | ¥; = 1} and a k € {i | 3 = —1} such that
(w* - x;) +b* =1 and (w* - zi) + b* = —1, respectively.

(4) Consider the linearly separable problem (P). Prove that for any so-
lution o = (af, -, af)7 to the dual problem

L !
min E E yiys (@i - )y — _S_ @,
j=1 J=1

i=1
l
s.t. Z?]iai = Oaai 2 01 1= 17 S8 = ,l,

i=1

8o

[2 Marks]

[2 Marks]
[3 Marks]

[2 Marks]
[5 Marks]

[7 Marks]

[7 Marks]



MMATHI18 405(ii): SUPPORT VECTOR MACHINES
(UPC 223503402) _ 9

there must, be a nonzero component (v;. Furthermore, prove for any
nonzero component. a of a*, the unique solution to the primal prob-

m Cé ol acan* = § ¥ * ! *
lem can be obtained as w S yimi, b = —S i oqyilrix).

(5) (a) For the training set 7" := {(z1, 1), (T2,92), -+ (z1,u)}, where
r, € RM y, €Y =R 1= 1,...,1, and £ > 0. Show that a
hyperplane y = (w - ) 4 b is a hard &-band hyperplane if and
only if the sets Dt = {(:Ii;l‘sl‘/i +&8Ti=1,.... [} and D~ =
{(T,T y — )l i=1,... ,l} lie on opposite sides of this hyper-
plane respectively, and all of the points in D* and D" do not
touch this hyperplane.

() Write an algorithm for linear € — band support vector regression.

-

(6) (a) Find the dual of primal problem:

1
) 1 9
m s C i
in 2||w|| + ;:1 G

w,b.¢
st yi((w-®@)+0)=21-C, = 1.0
¢G>0, i=1,...,1
where z; € R", y; € Y = {-1,1}, and ®: R™ — H is defined as
O(z) = =.
(b) Write an algorithm for classification machine based on nonlinear
scparation.

.

(7) (a) If f() is a real-valued function defined on R, then prove that
K(z,z') = f(z)f(z') s a kernel. Particularly, the function
K (z,2') = a where a is a nonnegative scalar, is a kernel.

(b) Prove that the Gaussian radial basis function with parameter o

given by K(z,z') = exp (—

o2\ .
ll= a‘z I ) is a kernel.

[4 Marks|

[3 Marks]

[4 Marks]

[3 Marks]

[3 Marks]

[4 Marks]



