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Instructions:
from the rest.e All questions carry equal marks.

e i il 3 . S S S

e Question 1 is compulsory.e Attempt any four Questions

(1) (a) Show that the bound of a cyclic module over a PID is equal to

the order of its generator.

(b) Every torsion-free divisible abelian group is a direct sum of copies

of rationals Q. Justify

(c) Give an exémple of a projective non-free modul
tion.

(d) Give an example of a module which is Noetherian but not Ar-
tinian, and also of one which is both.

(e) For a finite abelian group & determine the Z-module G ® Q.

e with justiﬁca—

(2) (a) Let M and N be left R-modules, k € N. Prove that
Hompg(M, N¥) = (Homg(M, N))*.

(b) Define a split exact sequence. Prove that a short exact sequence
0— M S M 2y A" —— 0 splits if and only if o has a right

inverse.

(3) (a) Describe what is Five-Lemma. Provide a detailed proof of the
Lemma.

(b) Show that a zero morphism in the category RMoed corresponds
to a zero morphigm in the category SMed gnd zero module in
RMed ig mapped to the zero module of the category SMod via an
additive functor F {rom itMed o SM4,

(4) (a) Show that every injective left module over an integral domain 1s
divisible. 1Joes the converse hold? Justify.

(b) State and prove the Dual basis lemma.

(5) (a) Show that K M = M, for left module M over R.

(b) State and prove the universal property of the tensor product.

(a) Let N be a proper subimodule of a module A4 of finite length.
Prove that ihe lenrih of N is strictly less than the tengeh of AL
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(b) Prove th
plomented in M.

(a) Let 0 — M
R-modules and RR-
if and only if both M’

(b) Let M be a tor
Prove that M = @My,
]?

for prime p in R.

sion module over a pr
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where M, is p-p

at every submodule of a semisimple module M is com-

a B "

A 5 M7 — 0 be a short exact sequence of
homomorphisms. Prove that M is Noetherian
and M" are Noetherian modules.

incipal ideal domain R.

rimary submodule of M

[7]

[7]
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(1) (a)-Show that Z is a discrete subspac
(b) Show that the collection

B = {(a,b) :a < band a,b€QY, e s

is a basis for the usual topology on R.

(c) Prove that a sequence in a discr
eventually constant.

(d) Define a T3-space. Show that a finite T3
is neither connected nor compact. 3]

(e) Prove that the Sorgenfrey line R;

(2) (2) On the set R of real numbers, consider

cte space is convergent if and only if it is

N TO TOPOLOGY
23501202)

Maximum Marks: 70

L e
Questiort 1 .is compulsory. ‘e All

. Instructions: e Attempt five questions in all. e
used have their usuak meanings.

e of R with usudl topolagy. 2]

[ R

[3]

_space is discrete. [3]

the collection

7}={¢}U{U§R:R—Uisﬁnite}.

Prove that 75 is & topology on R, :Which is

separable? Justify.

(b) Let {A;:i€ I} bea locally finite family of subsets of a space X. Prove that

Uie IE is closed in X.

not first countable. Is (R,7y)
[4+3+1]

(6]

(3) (a) Let X x Y be the product space. Prove that a function f : Z — X X Y

is continuous if and only if the coordinate functions px o f and py © f are
continuous, where px : X X Y = X andpy : X xY = Y are projection
maps. Does this result hold for the arbitrary product with box topology?

Justify your answer.

(b) I {X; : 4 =1,2,...n} is a finite collection of metrizable spaces, prove that

T[], Xi is metrizable.
(4) (a) Prove that the subspaces "' and R" -
connected for n > 2.

(b) Let X be a space and A ¢ X Prove th
iz s net in A which converges to x.

(e’ Prove thai ;
(¢} Prove that o separable metric space is 8¢
(5 Lyy Let X

V. 4 X path-connected of and only i

[4+3]

7]

- {0} of the Euclidean space R" are

|

15]
at o point 2 ¢ A if and only if there

51
:cond countable, (4]

RS /3‘ [,~ < ’H i R TN
} beoa family of spaces. Prove thal the product space

f each X,, is path-connected. |6}
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(h) Prove that a space X is Hausdorfl i
{his result to show that iff: X +Yis

\edorff. then the graph of [ is closed in

a € X} is closed in X

a continuous function and Y is Hat

X xY.

(&) When do we say that a spa

X. Use

ce X is locally connected?

is a continuous closed surjection anc

locally connected.

(h) Let A be a compact subset of a Ha
that there are disjoint open
this result to show that a compact s

{a) State and prove the Tube
compact space, then the pr
is closed for all spaces Y.

(h) State the Bolzano-Weierstr
by compact spaces.

Lemma.
0]

ass property for a space X. Prove that it is sat

Code 223501202)

sets UJ an
ubset of a Hausdorfl space is closed.[5+3]

0 TOPOLOGY

- 9.

{ and only if the diagonal & = {{w r):

(5-+3]

Prove that if f: X Y
1 X is locally connected, thex Y is also

i14-5]

usdorff space X and z € X — A. Prove

d V such that = € UJand AC V. Use

Hence or motherwise, show that if X is a
iection mapp: XxY =Y defined by p(z, %) =¥

[6-+4]

isfied
[1+3]



AR

/

e w

“aes —merrv OF DELH'

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI
“r. «  M.A./M.Sc. Mathematics Examinations, May 2025
Part I Semester 11
'MMATHI18-203: FUNCTIONAL ANALYSIS
(Unique Paper Code 223501203)

Time: 3 hours Maximum Marks: 70
-

- -
lsory. All ques-

Instructions: e Attempt five questiA(n;s;’ir; all. Question 1 i8 compt
{ have their usual meanings.

* tions carry equal marks.e The symbols usec
' et T

(1) (a) Show that for 0 < p < 1, ||zl = (6P + |e2P) "7, @ = (é1,62) € R? does n[%t]

define a norm in R%.
€ [2. Find the norm of

(b) Fix a = (an) € 12, define f(r) = S0 1 @nbny T = (&n) 2]

the functional f.
(c) If (z,) is a sequence in'C([a, b]) which converges weakly to z € C([a, b)), Sh‘f;i'

that for every t € [a, b],xn(t) — z(t).
1 a Hilbert space H satisfying ST* =

(d) If S and T are linear normal operators O
T*S and TS* = S*T, then show that their sum S + T and product ST are

normal. 3]
(e) Give an example, with justification, of a bounded linear operator on 2 normed.
space X which is injective but not surjective. (3]

(2) (a) Let X and Y be normed spaces, T : D(T) C X — Y be a linear operator.
if T’ is bounded. 5]

Show that 7T is continuous if and only i
(b) Let X =C" and M = {z=(&) €X] Y& = 1}. Show that M is convex
and complete. _ o [4]
(c) Define spectrum o(T) of a linear operator T’ on a complex normed space
X and classify o(7T) into point spectrum, continuous spectrum and residue
spectrum. What can you say if dimension of X is finite? Justify. [5]

(3) (a) Let Hi, Hz be Hilbert spaces and T': Hy — Hz be a bounded linear operator.
Show that there exists a unique bounded linear operator T* : Ha — H, such

that [|T*] = ||IT|| and for all z € H, and y € Hy, (Tz,y) = (2, T"Y)- [6]
(b) If the dual space X' of a normed space is separable, show that X itself is
separable. 6]

(c) If (z,) is a sequence in a normed space X such that z, A 2 in X, show that
the weak limit z of (z,,) is unique, 2]

(4) (a) Deﬁné Schauder basis for a normed s
i pace. If a normed space X h 3
basis, show that X is separable. = e SCh?il_(:il]
(b) State Baire’s category theorem. [2]

(c) Let X be a complex Banach space and A € C b
b, R : ; C e open. For the o
function S : A — B(X,X) defined by S(A\) = S, define the Concz;rtzt(())rf
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local holomorphicity and holomorphicity on A, and holomorphicity at a point
Mo € A.TET: X = X is a bounded linear operator, show that the resolvent
R\(T) is holomorphic at every point Ao € p(T') and hence is holomorphic on
p(T). [2+5]

(5) (a) State and prove Hahn-Banach theorem for normed spaces. 5]

(b) Let H be a Hilbert space, T': H — H be a isometric linear operator. Show
that T*T = I, the identity operator. ' [

(c) Show that the spectrum o(T) of a bounded linear operator T on a complfagi

Banach space X is closed.
(6) (a) State and prove closed graph theorem. [2+5]
(b) Let -H be a Hilbert space. With every z € H we can associate f- E H'
defined by f,(z) = (x, 2). Show that T': H — H', defined by T'(2) = [, is an
isometric bijection which is conjugate linear. Hence conclude that the dual
space H' is a Hilbert space with the inner product (-,-)1, where (far fult [;—i

(w, 2).
(7) (a) State uniform boundedness theorem. Use it to prove that the normed space
X of all polynomials z with the norm [|z]| = max; |a], where a1, 0g, ... are

the coefficients of z, is not complete. [2+5]

(b) Let T : ®(T) — Y be a bounded lineaf‘.;})perator', where D(T) lies in a
normed space X and Y is a Banach space. Show that 7" has an extension
T :D(T) — Y, where T is a bounded linear operator of norm || T = ||T]|-[7]
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(1) (a) State the conservation of mass and momentum using the control volume

approach and write their mathematical formulations. -

(b) What is the Magnus effect? Elaborate on it.

«The value of Stokes s‘tream.fuvnction Y
ble, axi-symmetr

(c) State whether the statement
h” is true.or false and

al any point in an incompressi
on the position of the point and not on the pat

justify your assertion.
(d) Write the expressions for the sixAdistipét components of the stress ma-

trix in terms of the principal stresses. . ; ,
uid. State whether the statement -

flow of afl
pathlines and streaklines will _coincide7 ’

rtion. What boundary conditions
(stationary or moving) in contact

(2) (a) Define steady and unsteady
“In steady How, the streamlines,
is true or false and justify your asse
must be satisfied at a rigid boundary

with an inviscid or viscous fluid?

ondition for a surface to be a boundary

i’j cot?t = 1 is a possible form of the

pression for the normal velocity.

(b) State and prove a necessary ¢

surface. Show that %tanzt +

boundary surface and find an ex
(3) (a) State and prove Kelvin’s minimum energy theorem. A large mass of

incompressible non-viscous fuid contains a spherical air bubble, the
air inside the bubble obeying Boyle’s law, pv = constant. At a great
distance from the bubble the pressure is zero. Neglecting the inertia of
the system, Determine the equation to be satisfied by the radius R of

the bubble at time .
tion of motion in vector and tensor forms. Elu-
ernoulli’s equation in the working of the Pitot

ng the fluid velocity.
f Blasius. Use this theorem to determine
ylinder || = a in an irrotational flow

(b) Write the Euler’s equa
cidate the role of the B
tube which is used for measuri

(4) (a) State and prove the theorem o
the force exerted on a circular ¢
produced by a line source of strength m at z = 3a.

(b) Show that the steam function 9(z,y) lor a two-dimensional motion
exist whether the motion is irrotational or not but the velocity po-
f,ent,i;%l @(z,y) does exist only when the motion is irrotational. In a
two-dimensional motion, a source of strength m is placed at each of the
points (—2,0 )and (2,0). and a sink of strength 4m is placed at oricrin‘
Determine the equation of the streamlines. o

ic flow depends solely:

(2+2 Marks]

_ [1 +3 Marks]

142 Marks;

[3 Marks]

17 Marks)

[3+4 Marks]

[4+3 Marks]

[4+3 Marks]

[5+3 Marks|

[6 Marks]
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(5) (a) Find the complex potential, complex velocity, stagnation points and [3+3 Marks]
the streamlines of a combined flow of a source of strength 72 at the origin

and a uniform stream parellel to t Determine the velocity
components at a point P of a uniform a fixed infinite circular

cylinder.

he z—axis.
flow past

i . . . . , y LAY 1
ihe velocity potential due to a three-dimension al [4-+4 nMarks;
ts of velocity and the equation of

s sphere theorem.

dimensional sim pl
faccs of a don bict

(b) Derive an expression for
doublet and hence find
the the stream lines. State an

(6) (a) Findthe Stokes Stream function
of strength m at the origin. Determ
in a uniform stream whose undisturbed veloc

the componen
d prove Butler’
W of a three-
ine the stream sur
ity is —Uk.

KR
e gource |4 Marks!

542 M sk

(b) State and prove Weiss’s sphere theorems. Determinc the image of 2

source in a solid sphere. S S

(1) (a) Define stiess matrix, rate of dilatation, laminar flow,
and kinematic coefficient of viscosity for real Auids. Writ
form of the Navier-Stokes equations of motion.

no-slip condition - [5+2 warks

e the tenscr

om the expression of w(R) and - 7 Miarks]
ny section per unit time (&)
be of uniform circular cross-

ocity profile fr
discharged over a
dy flow through tu

b) Determine the fluid vel
also the volume of fluid
for the problem of a stea

section.
o P X

~~
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