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Instructions: e Answer five questions. ® Question 1 is compulsory. Any
four questions from Q2 to Q7. e Each question carries 14 marks.

(1) (a) Show that any two continuous maps from the plane R? into the
2-sphere S? are homotopic.
(b) Let A be strong deformation retract of X. Show that the inclu-
sion map i : A < X induces an isomorphismn iy : m (A, z0) =
™ (_X'7 J,'o) .
(c) Let p: X — X be a 7-sheeted covering map, where X is simply
connected. Determine the fundamental group of X.

(d) Determine the group of deck transformations for the quotient
map p : S® — S§"/~, where ~ denotes the equivalence relation
identifying each point on the sphere with.its antipodal point.

(2) (a) Give an example of a deformation retract which is not a strong
deformation retract. :

(b) Suppose that a contimuous map f : S! — S! is not homotopic to
the identity map. Prove that there is a point z € S! such that

f(2) = —a.

(3) (a) Prove that the fundamental group of the circle is isomorphic to
the infinite cyclic group.
(b) Show that the exponential map p: R — S is a covering map.

(4) (a) Let X and Y be spaces, and 2y € X and y, € Y. Show that
(X X Y, (20, 90)) = (X, o) ® m1 (Y, 30)).
(b) Let X be contractible space and Y be any space. Show that
X xY~Y,
(5) (a) Let p : X — X be a covering map, and f: I — X be a path
with origin zy. If Zy € p~ ‘(a:q) then show that there exists path
[l — X withpf = fand f(0) = &.
(b) Show that any two universal covering spaces of a topological
space are equjvalent,

(c¢) Define regular covering map and give an example.
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[3.5 Marks]

[3.5 Marks]

[3.5 Marks]
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[7 Marks]

[5 Marks]
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v o 7 Marks]
6) (a) Let p: X 5 X be q covering map such that p(Zo) = o, ‘f’hut [
X is path connected. Shoyw that the multiplicity of p is index

of pﬂ(m(X,.io)) in m (X, 29)). Hence, or Otherwise, find the
fundamenta] group of RP" n ~ 1.

¢ 7 Marks
(b) Prove that there Is no continuoug map f : S — S! such that | ]
f(—z) = —f(x) for all z € 52,

=~ > Marks
(7) (a) Let P:X = Xbea covering map and 7 e X. Show that the  [7 Marks]
group of deck transformations A(p) is isomorphic to

Npym (X, 2))/pym (X, )
Where N (p., (X, T)) is the normaliser of pum (X, & in (X, p(z)). Vot
7 Marks
(b) Determine the fundamenta] group of S! v §!, [7 Ma
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Instructions: e Question 1 is compulsory. e Attempt any four questions
from question 2 to question 7. e All questions carry equal marks. e Through-
out the paper all the rings are assumed to be commutative ring with nonzero

identity.

2]

eal
3]

(1) (a) Define extension and contraction of ideals.

(b) Let S be a multiplicative closed set in R. Show that every id
in SR is an extended ideal.

(c) Define the minimal primary decomposition of a decomposable
ideal. Also give an example of a decomposable ideal with a min-
imal primary decomposition. (3]

(d) Let R be a subring of a field K. If R C K is an integral extension
of rings, then show that R is a field. [3]

(e) Let R be a valuation ring associated with a valuation v on a field

K. For any nonzero & € K, show that v(z) = 0 if and only if z
3l

is unit in R.

(2) (a) Show that the contraction of a maximal ideal m of R[[z]] is a

maximal ideal of R and m is generated by m¢ and z. (7]
(b) Show that Hom(M & N,P) = Hom(M, Hom(N, P)), where
M, N, P are R-modules. (7]

(3) (a) Let p € Spec(R). Show that the prime ideals of R, are in one to
one correspondence with the prime ideals of R contained in p.

| 7]

(b) Let f: A — B be aring homomorphism and let p € Spec(A).

Show that p is the contraction of a prime ideal of B if and only

if p* =p. 7]

(4) (a) Let m € Maxz(R). Show that m® is a primary ideal. 4]
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Let C be the integral closure of the ring A in B and let a” denote
the extension of a in C. Show that the integral closure of ain/

e

is the radical of a®. a
Let B be a valnation ring of a field K. Show that B is a Joci
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Let R be a ring in which the zero ideal is the product of finitely
many maximal ideals. Show that R is Noetherian if and only if

R is Artinian. 6]
Show that in a Noetherian ring R, every ideal contains a power
of its radical. 4]

4]

Show that in an Artinian rin R, the nilradical is nilpotent
g

Let R be an integral domain. Show that R is a Dedekind dormnain
if and only 1f every nonzero fractional ideal of R is invertibl. . (7]
Let R be a Noetherian local one dimensional domain in which
there exists an element suich that every nonzero ideal is of the

form < z" >,n > 0. Show that R is a discrete valuation ring.
r~1
L)

Y
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Instructions: e Attempt five questions in all.e Questionl is compulsory. ¢ All
questions carry equal marks e Throughout this question paper G will denote a
finite group and F a scalar field.

(1) (a) If G is a non-abelian group of order 6, then find dimensions of all the
irreducible CG-modules. -

(b) Find all irreducible CG-modules for G = Ca x Cy

(c) If z is a non identity element of the group G, then prove that x(g) #
x(1) for some irreducible character x of G.

(d) Define a regular representation and prove that the regular FG—module
is faithful.

(¢) Let w be the fifth root of unity. Is w(w? + w?) is an algebraic integer?
Justify.

(2) Prove that the representations of the form g l9]s, 9 € G, for some
basis 8 of an FG-module V, are equivalent to each other and also any two
equivalent representations of G arise from some FG-moudule in this way.
Tllustrate this through an example when G = Cj.

(3) (a) Let an FG-module V be a sum of finite number of irreducible FG-
submodules of V, then show that V is a direct sum of some of the

components.

(b) Prove that if the regular CG-module is a direct sum of irreducible
CG-submodules, then every irreducible CG-module is isomorphic to
one of the direct summands.

(4) (a) Show that a group ¢ is finite abelian iff every irreducible CG-module
has dimension one.

(b) Prove that there is no faithful irreducible CG-module when G is abelian
but not cyclic. What is the conclusion when G = Cy X Ch.

(5) (a) Lifting the irreducible characters of the quotient group S,/S;, find all
the linear character of the group Sy(n 2 2) where S, is the derived
subgroup of Sy,.

(b) Find the permutation character and all linear characters of Ss. Are
they irreducible? ' o

(c) Compute the character table of S3 X Cs.

[3 Marks]

[3 Marks]
[3 Marks]

142 Marks]

[2 Marks]

[7+7 Marks]

[7 Marks]

[7 Marks]

[7 Marks]

[7 Marks]

[3 Marks]

[4 Marks]

(7 Marks]
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(6) (a) Let x be a faithful character which takes r distinct values over G [8+6 Marks]

and ¢ any irreducible character. Prove that (x",%) # 0 for some
n € {0,1,--+ ,r —1}. Does the result still hold when y is not faithful?
Justify.

(7) (a) Show that for every character and every element of a group, the image
is an algebraic integer.

(b) If the group G has a conjugacy class of order p” , where p is a prime
number and r > 1 an integer then show that G is not simple.

[4 Marks]

(10 Marks]
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I : . ] . L
llgtrugtlolls. e Attempt Five questions in all » All questions carry equal marks
® Wuestion No. 1is COMPULSORY » Symbols have their usual meaning.

(Section I: Question No. 1 is Compulsory)
(1) (a) Show that if f € L'®}and f, (1) = f(t —7,), 7, € T, then
lim || £ — Jrollzr(my :.0;““.“. .

T70

(b) For a function f € Ll(R)and A > 0, find the Fourier transform of the
function p(z) = Af(Az)i% e R.

(c) Show that the modula:ljijfu__nction on a locally compact group is a
homomorphism. L

{d) Find the characters on the additive group of real numbers (R, +).

(Section II: Answer any Four questions from this section)

(2) (a) Define Poisson kernel in 1“('11‘) Show that the Poisson kernel P(r,¢)
1-r?

can expressed as P(r, t):..:_.m, re (0,1),teT.
(b) Show that if f € LY(T) and {k,} is a summability kernel in L*(T),
then f = lim k, * f in the L!(T) norm.
T—rCO

" SR,

(3) (a) Show that if u is a leftHaar measure on & locally compact group &
and f € CH(G), then [ fdp > 0.
G

(b) Prove that there existeia ‘¢ontinuous function whose Fourier series
diverges at a point. '
(4) (a) Show that if f is a contg}ggus function with compact support on R,
then & [ 7)1 dé = [T o
(b) Show that if f € L}(R) tind zf(x) € L}(R), then £ f(¢) = “izf)(©),
£ eR.

BN
(5) (a) Show that if f is of bounded variation on T with total variation var(f),

- var(f) .ot e
then | f(n)] = -Qirlﬁ,{-l), 7 is a non-zero integer.

[3 L\vfafkb‘]

[3 Marks]

-

[4 Marks]

[4 Marks]

[1+5=6
Marks]

18 Marks]

[3 Marks]
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(b) i(I{J::lti‘ be1 a Compa,ct; subset of a topological group G and let e be the
: : 1’1 y element of G. Show that if U/ is neighbourhood of e, then there
Xists a neighbourhood V of e such that zVz= ¢ U for all z € F.

(¢) Let f € LY(R) and o(t) = 2 }_0% f(t + 275), t € R. Show that

j==o0

lelzam < Ifllrim and (n) = f(n), n € Z.

(6) (a) Sh.ow tlllat if. a locally compact group G is discrete, then L'(G) has
an identity. What happens if ¢ is not discrete? Explain. ;

(b) Show that if f € L}T) and [|{8=/)|qt < oo, ¢, € T, then
3 e T ' .

o

Sulfrts) = F(ts); where Sy(f,-) denote the n® partial sum of the

Fourier series of f.

(7} (a) Using the caratteristic function xp,y, find a summability kernelin .~

LA(R).

{b) Show tl}'@t‘t’if: X-and p are left Haar measures on a locally compatt-
group G, then there exists a positive real number ¢ such that g =cA.

[4 Marks]

[4-+3=T
Marks]

[443=7
Marks]

[7 Marks]

[4 Marks|

10 Mark§]
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Instructions: e Answer five questions. ® Question 1 is compulsory. At-
tempt any four questions from Q2 to Q7. e Each question carries 14 marks.

(1) (a) Determine the spectral radius of a doubly stochastic matrix. (2)

(b) Determine the condition number for matrix inversion of a unitary
matrix with respect to the spectral norm. (2)

(c) For z,y € R™, prove that z < y, if <, y and —z <, —y.  (3)

-1 1 . .
(d) For A = ( _1) , prove that the series D oo ; ’,3—: is convergent.

0
3)
(e) Give example to show that eA*? may not be equal to e“e?. (4)

(2) (a) Let A € M, be a doubly stochastic matrix. Prove that there
exists a permutation o of {1,2,...,n} such that II a;@) # 0. (7)

(b) State Singular Value Degcomposition for A € M,,. Use it to derive
the Polar Value Decomposition of A. (7)

(3) (a) If (z;) € R™ is such that z; > 0,377, z; = 1, then prove that
(L, 1o 1) < (21,22, -, z). What can you say about (z;) if

(;1(77;727"' :xn) < (%771[7 7%) (4+2)

(b) Prove that the Schur product of two positive definite matrices is
positive definite. Is the result true for usual matrix multiplica-

tion? Justify your answer. (8)
(4) (a) For A € M,, prove that (7)
p(A) = inf{[||A[l| : ||| - Il is an induced matrix norm}.

(h) Let A, B € M, be positive definite matrices. Prove that there
exists a non-singular matrix C € M, such that C*BC is a diag-
onal matrix and C*AC = I. Use this to deduce that A > B if
and only if p(BA™!) < 1. ' (4+3)

(5) (a) For z,y € R, prove that 2 <y if and only if there exist T-
transforms 11,7y, ..., Ty such that = yTy ... Ty, (8)
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(b) Define complex symplectic group Sp(n, C). Is it compact? Give
example of one non-trivial compact matrix Lie subgroup of this
group. (6)

(6) (a) Prove that a matrix norm is minimal if and only if it is an induced
norm. Further, let ||| - |||, and ||| - ||| be matrix norms on M,.
Determine the conditions under which max{|||-|||a, ||| - [|[g} is an
induced norm. '

(b) For A € M,, let S be the union of k Gersgorin discs which forrps
a connected region disjoint from the remaining (n — k) Gersgorin
discs. Prove that exactly k cigenvalues of A lie in S. (5)

(c) Prove that if all the eigenvalues of a Hermitian matrix are posi-
tive, then it is positive definite. - (3)

(7) (a) Let {v1,vs,...,v,} be vectors in an inner product space V' and
G be the Gram matrix of these vectors. Prove that G is positive
semidefinite. Further prove that G is positive definite if and only
if {vy,v9,...,v,} are linearly independent. . (3+4)

(b) State and prove Minkowski’s Determinant Inequality. (2+5)
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Instructions: e All notations used are gtandard e Question no. 1
is compulsory & Attempt any four questions from the remaining six

questions.

Part A

(1) Classify each statement below as true or false, giving a brief
justification in each case: '

(a) o(T) = 0 when T : I — {* be defined by T'(z1, Z2, - - ) =
(33’1,%2',,%3,..{. . -

(b) If T is a positive bounded linear operator.on a complex
Hilbert space H then the approximate point spectrum of
Tz co;i'qcid_és_With'thei spectrum of 7.

(c) If P;, P, are projections on an infinite dimensional Hilbert
space then so is PP, :

(d) A compact linear operator on an infinite dimensional Hilbert
space H can not be unitary.

(e) If-(T;,) is a sequence of conipact operators on a Banach
space X converging in the strong operator topology to an
operator T, then T is necessarily compact,

(f) Every projection is a ial 1sometry.

(g) A bounded linear operator T on a Hilbert space can be
written uniquely as, " = UP-where P is a positive operator
on H and U is a unitary operator on H.

(2x7)

Part B
Attempt four questions in all.

(2) Let 7' be a bounded lincar operator on a Hilbert space £. Show
that

(a) if 7' is invertible, then o (1) = {p: i €o(1)}. (3)

(b) o(T") - o(T) where T'is the Hilbert adjoint of 7. (3)

(¢) if {A.} C p(T) and A, - A with {R(\s, T)} a bounded

sequence in B(H) then A € p(T). (3)
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(d) the boundary of o(T’) is contained in the approximate point
spectrum of 7. (5)
(3) Let T' be a compact operator on a Banach space X and ) # 0.
(a) Show that there exists a smallest integer r such that
(i) N(T7) = NI for all m =7+ 1,7+ 2, ... and
(ii) if r > 0 then N(T7") € NI, m=0,1...(r—1).
Here N(S) denotes the null space of the operator 5. (8)
(b) Let X = NY and 11y, 20,23 . ..) = (z1,79,23,0,0...)
Show that T is compact and illustrate (i) and (i) in (a) for
this 7" with- A = 1. (2+4)

(4) Let T': 1> — {* be defined by T'(¢1, 2, - - -) = (G2 S b ).
(a) Show that 7" is a compact operator. v (6)
(b) Show that o,(T") = {0}. (6)
(c) Hence or otherwise find o(T').. (2)
(5) Let T be a bounded self-adjoint linear operator on a complex
Hilbert space H. ‘ .
(a) Prove that T is positive if and only if o(T') C [0, oo). Hemce
or otherwise prove that I +7*T is invertible. (5)
(b)- Show-that every positive bounded self adjoint operator 7'
with ||7’]] < 1 has a positive square root. (7)
(¢) If T is a projection on H find a square root of 7. Is this
square root unique? a (2)
(6) Let (P;)2, be a'mon6tone increasing sequence of projections
P, defined on a Hilbert space H.."~
(a) Show that (P,) is strongly operator convergent to a pro-
“ection P defined on H with range P(H) = U, P,(H).
(9)
(b) Show by an ‘example that in-(a) above, even if F,(H) is
finite dimensional for every n € N, the range P(H) may
not be finite dimensional. (5)
(7) (a) Let W be a partial isometry on a Hilbert space H. Show
that then the range of W is closed. Further show that
W*W is a projection on /I and find its range. (8)
(b) Let T be a trace class operator on a complex Hilbert space
H. Define t1" the trace of 1" and show that it is independent
of the choice of the orthonormal basis of 4. (6)
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Instruction: Atte mp‘r any Fwe quostmns Qtu‘qtmn N() 1 is compulsory. Each

question carries 14 marks. - -

1. (a) Give an example, with justification of a convex function which is not

logarithmically convex. 3]
) Find the simplest meromorphic function with a pole at every integer n.

')

(3]

(¢) Let f € H(G) and supposc Cy, \ G is connccted. Use Runge's Theorem
to show that there is a sequence of polynomials converging to f.  [4]

(d) Show that a harmonic function v : G — R satisfies the Mean Value
Property (MVP). [4]

-

a) State Phragmen-Lindelof theorem. Let a > 1 and G = {z :argz] <

[N}

1} Suppose f € H((‘) and limsup |f(z)] < M for all w € 0G. If

2a Z—w

<

there are positive constants P and b < a such that |f(z)| < Pexp(|z|")

for all = with |z| sufficiently large. Show that |f(z)| < M for all z € G.

[2+6]
(h) Let ¢ be simply connected, f € H(G) and f docs not assume the values
0 or 1. Show that there exists ¢ € H(G) such that f = —exp[ricosh(2g)].

6]
5. State and prove the Riemann mapping theorem.
() Let G be an open set, {ax} a sequence of distinet points in G without

my
L A
a limit point in G, and for each k let Sg(z) = E (———L)—J- Aj € C.
Z — Qg,

14]

SN

Show that there is a meromorphic function f on GG whose poles arc
exactly the points a; and such that the singular part of f at ag is Sk(2).

Lot A be o normal set e OG0 Show that for each = ¢ & {fi2)

1€ F} bas compact closure in 2 and £ is equicontinuous at cach point
of (¢ [3+4]
5. (a) Let D be the unit disk and [ 0D —» R a continuous fun(‘tiou Show
that there is a continnous function w: D — 5 R such that. u(z) = f(2)
for = € 90 w is harmonic iy D; u is muqnvl\ defined by ( Io ‘oxmula,

1 )
u(re?) = 2“/ PO = ) f(*)dt for 0 < < 1,0 <8 <2, where
7T

(9]

Po(.) is the Poisson kernel.



(b)
6. (a)
(b)
7. (a)

nee m (G, each f, a onc-one function and [, —>

[

Lot {/} he a seqn
f. Show that eithoi f is one-one or f is a constant function

Define clementary fuctor Ey(=) and show that |1 — E,(z)| £ |z|""" for
 be a sequence of non-zero complex numbers sat-

p > 0. Let {q,
. and {p.} is a sequence of integers such that

isfying L la,|
1, i
1

x P a Z
A .~ for all # > 0. Show that L £ > i€ An
4~ \ |a,,| vljll " \a, |

n=1
entire function having zero: precisely at the points a,,. (244
as

With b ef explanation represent an open set G in the complex * lane

countable union of compact sets.
in the space of continuous functions (C(G Oy p

it converges to f uniformly on all coupac’
(o
o

Show that a sequence f,,

converges to f il and only Uf

subsets of ;.

Define Landau’s constant L. If f is analytic on a region containing the

closire of the unit disk D and f(0) = 0, f/(0) = 1, show that f(D)
[2-+6]

S J

contains a disk of radius L
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Instructions: e Au empt ﬁve quomons in r\,” Qunqtlon No 1 is Compulqory All
questions carry equal mar ]m ® Th(‘ sy mholq u%ed have thmr uqual moanmgq

(1) (a) Give an example, with justification, to show that a signed measure may not

satisfy monotonicity. 3]

(b) Let R be a measurable rectangle in R™, where we take Lebesgue measure on

(R, M). For y € R™ and ¢ > 0, show that R+ y and cR are also measurable
rectangles in R" and that mu(R + y) = m,(R) and my(cR) = c"mn,(R). [3]

L

(c) State Riesz representation theorem for bounded linear functionals on L?
spaces. ‘ 2]

(d) If K = [0,1/2] U [2/3,1] and U= (—1,2), give an explicit example of a
function f € C.(R) such that f =1on K and =0on R \ U. 4]

(e) When do you say a Borel measures on a locally compact Hausdorff space X
to be regular? : : [2]

L

(2) (a) Show that the Radon-Nikodym theorem for a finite measure p implies the
theorem for a o-finite measure p. 6]

(b) State Lebesgue decomposition theorem and prove only the uniqueness
part. [2+6]

(3) {2) Let (X, A, ) be a finite measure space. Show that the class of measurable
simple functions on X is dense in LP(u) for 1 < p < oo. 7]

(b) Let (X, A, p) and (Y, B,v) be complete measure spaces and F C X x Y be
a measurable set such that (u x v)(F) = 0. Show that for ae. x € X, E, is
a measurable subset of Y and that v(F,) = 0. Also give an example to show
that {z ¢ X : F,is not measurable} may be nonempty. [4-+3]

(4) (a) If f:R" — RF is a continuons function, show that for every Borel set B in
’* f2(B) is a Borel set in R™. Hence conclude that if E is a Borel set in
R™ and y € R™, then I/ + y is also a Borel set in R™. [5+2]

(b) Let p be a o-finite measure on an algebra A of subsets of X and p* be the
outer measure induced by p. Then show that £ is p*-measurable if and
only if I is the proper difference A\ B of a set A € A,s and a set B with
W (B) = 0. (7

(5) (a) Show that the Hahn decomposition is unique except for null sets. (3]
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o
(b) What do you mean by a complex measure on a measurable spa,ce; Z(),< ,f:)l .
: | . = 11— b b3 — 1[4
Show that each complex measure v may be expressed as v = 11— 1a+1/13 1 -/k :]a
. . J
where 11, 1y, j13 and /14 are finite measures.

(c) Let (X, A, 1) and (Y, B, 1) be complete measure spapes‘ap’(l Ec XxY i)e
& measurable set such that (4 x v)(F) < co. Prove Fubini’s theorem for t 15e
function y.. [5]

(6) (a) Define the o-algebra Ba(X) of Baire sets in a locally compact Hausdorff space
X and show that Ba(X) is contained in the o-algebra A generated by the
compact Gy sets of X. [1+6]

(b) Let F be a closed subset of a locally compact Hausdorff space X. Then show
that F is also a locally compact Hausdorff space and the Borel sets of F' are
those Borel subsets of X which are contained in F. v 7]

(7) (a) Let K be a compact subset, of a locally compact Hausdorff space X and O an
open subset of X such that X ¢ O. Show that there is o-compact open set
U and a compact Gsset H such that K cU C Hc O, (5]

(b) Let X be a locally compact Hausdorff space, T' be a positive linear functional
on C(X) and p* be its induced outer measure. - Assuming that u*(K) < oo
for every compact set K ¢ X » show that p* is additive on the collection of

compact sets. 16]
(c) Prove that (-1, 1) C R is a o-compact open set in R and it is the union of
a countable collection of compact Gy sets. 3]

e
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Time: 3 hours Marks: 70

Instructions: e All notations used are standard e Question no. ‘1 18
compulsory e Attempt any four questions from the remaining six questions.

(1) Do as directed.

(a) If f: X = Y is a proper surjection and X is Hausdorff then prove  [3 Marks]
that Y is also Hausdorff.

(b) Prove that the cone CS™ over the n-sphere S is homeomorphic ~ [3 Marks]
to the closed disc D™+, -

(c) Justify that R; x R; is not paracompact, where R; is R with the [2 Marks]
lower limit topology. Is it completely regular?

(d) Define ‘~’ on R by z ~ o’ if (z — #') € Q. Describe the quotient  [3 Marks|
topology 7 on R/ ~. Is (R/ ~,7) a normal space? Justify your
claim.

(e) Let X be a completely regular space and F C X closed. Show [3 Marks]
that for each z € (X — F), there exists a continuous function
9z : X — [0,1] such that g, =0 on F and g, = 1 on a nbd. of z.

(2) (a) Let X be a locally compact Hausdorff space and K a compact  [5 Marks]
subset of X. If U is an open subset of X with K C U, then prove
that there exists an open subset V of X such that K C V cCVcCcUu
and V is compact.

(b) Prove that a subspace of a locally compact Hausdorff space is [T Marks]
locally compact if and only if it is locally closed.

(¢) Find two spaces X and Y such that X is not homeomorphic to Y [2 Marks]
but X* is homeomorphic to Y*.

(3) (a) Let f: X — Y be continuous. Then prove that f is proper if fis 6 Marks]
closed and f~!(y) is compact for every y € Y.

(b) Let f : X — Y be a continuous surjection. Prove that f is an [5 Marks|
identification map if and only if for any space Z, the continuity of
a function g : Y — Z follows from that of gof:X = Z.

(c) Justify that for A C X, the projection map 7 : X — X/A need [3 Marks]
not be an open map,

P.T.O.
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(4) (a) Let {Xa}aco be @ family of regular spaces then prove that the

product space [T Xa is also regular.
acd

(b) Prove that for every completely regular space X, there exists a
compact Hausdorff space B(X) such that:
(i) Xis homeomorphic to a dense subspace X' of B(X).
(ii) Every bounded real-valued continuous function on X " can be
uniquely extended to a continuous function from A(X) to R.
(c) Prove that every locally compact Hausdorff space is completely

regular.

(5) (a) Let X bea normal space and A, B disjoint closed sets in X. Then
prove that there exists a continuous function f : X = [0, 1] such
that f(A) = {0} and f(B) = {1}. Justify that the condition of
closedness of A and B is a necessary condition.

(b) Let X be a normal space and A be a closed Gs-subset of X. Then
prove that there exists a continuous map h : X — R such that

h71({0}) = A.

(6) (a) State Nagata-Smirnov Metrization Theorem and prove Urysohn
Metrization Theorem.
(b) Let X be a T3-space with the property that its every open covering
has a countably locally finite open refinement then prove that X
is a paracompact space.

(7) (a) Prove that for every closed subset A of the real line R and contin-
uous function f : A — [—1,1], there exists a continuous function

g : R — [—1,1] such that g, = f.
(b) Prove that every open covering of R; has a partition of unity sub-
ordinate to it.

[4 Marks]

[7 Marks]

[3 Marks]

(10 Marks]

[4 Marks]

[8 Marks]

[6 Marks]

[6 Marks]

[8 Marks]
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Instructi : . N ) g s
) ?ctlons. * Attempt five questions in all Question number 1 is compulsory
Etm(?a 'tel}lpt any four from the remaining questions 2 to 7  Each question from 1
© ( carries 14 marks e Scientific non-programming calculator for doing numerical

calculations is allowed for this examination » Notations and acronyms have their
usual meaning.

(1) (a) Define explicit, implicit, one-step and multistep finite difference schemes.

Elucidate these schemes by giving examples for the equations us +au, =
f(t,z), and uy = bug,,where a is a constant and b is a positive constant.

(b) Elucidate the drawbacks in a checker-board pressure field. What is
the essence of a staggered grid in finding the solutions of pressure and
velocity in steady flows.

(2) (a) Find the order of accuracy, truncation error, consistency and stability
of the Crank-Nicolson scheme for the equation w4+ au, = f(t,z), where
a is a constant.

(b) Deduce the Crank-Nicolson scheme-from a finite volume discretised
equation in familiar standard form for one-dimensional, unsteady heat
conduction equation given by: ,

or 9 ¢, 0T
PCot ~ B (kam )+ S
where p is the density, c is the specific heat, k is the thermal conduc-
tivity, T is the temperature of the material and S is the source term.
(3) (a) Elucidate Alternating Direction Implicit (ADI) scheme. What are the

D’yakonov split and First Lees ADI forms for the equation uy = ug, +
Uzg !

(b) Use neat diagrams of the v and v control volumes to discretize the
momentum equations and compute the convective flux/unit mass F and
the diffusive conductance D at cell faces of the u and v control volume
faces. . '

(4) (a) Discuss most important fundamental properties of the finite volume dis-
cretisation scheme for one-dimensional convection-diffusion problems.

(b) Find the order of accuracy, truncation error, consistency and stability of
the FTCS scheme for the pde u; = bug,,where b is a positive constant.

(5) (a) Solve the initial boundary value problem w, = w4y
uw(0,z) = sinrz,u(0,2) = 0,0 < z < 1,
u(t,0) = 0,u(t,1) = 0,t > 0 using the scheme 6307, = p202v™ with
h =% and p = 5. Compute the solutions until two time levels,

(b) Compute the solutions of the initial boundary value problem wu; = u,:
u(z,0) = cos(%),~1 < & < 1,1 = 0; u(~1L,t) = u(l,t) = 0,¢ > 0
by us;ing the F'TCS scheme at the third time level by choosing h =
H=3-

7

1
3»

[3+4 Marks]

[3+4 Marks]

[7 Marks]

[7 Marks]

[7 Marks]

[7 Marks]

[7 Marks|

[7 Marks]

[7 Marks]

(7 Marks]
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(b) Consider the problem
than those arising from boundary co

equation
d ( dT
(k——> +4¢=0,

dz \| dz
Draw a diagram of a large plate of thickness L = 4 cm with con-
stant thermal conductivity k=0.5 W/m.K and uniform heat generation
ures of 100°C

g=10000 kW /m3. The two faces A and B are at temperat
and 300°C respectively. Assuming that the dimensions in the y- and z-
directions are so large that temperature gradients are significant in the
s-direction only. Use the finite yolume method to calculate the steady

§tate temperature distribution in the whole domain which is divided

into three control volumes.

(7) Consider the steady, one-dimensional flow of a constant-density fluid through
2 duct with constant cross-sectional area. Using staggered grid shown in t}%e
figure below, where the pressure p is evaluated at the main nodes I = A, B,C
and D, whilst velocity u is calculated at the backward staggered ;10()16\%

i=1,2,3 and 4.

includes sources other

of heat conduction that
hich is governed by the
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[7 Marks|

[7 Marks|

(14 Marks]
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. The pr(?blem data are ag follows:
2 o Density p = 1.0kg/m? ig constant.
3, e Duct area A is constant.
% e Multiplier d defined by 1/ =) i
G ip ned by u” = d(p} - p},,) is assumed to be constant; we
take d=1.0.
e Boundary conditions: u, = 10m/s, pp = 0Pa.
e Initial guessed velocity field: say uy = 8.0m/s, uz = 11.0m/s, u} =
7.0m/s. R

Use the SIMPLE algorithm and these problem data to calculate pressure
corrections at nodes I=A to D and thereby obtain the corrected velocity

fields at nodes i=2 to 4. Check whether the velocity is constant everywhere
by continuity.

N
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\

Section A

(1) (a) Derive a first order scheme for the numerical solution of y” +4y' =0, 0 <z < 1, y'(0) = 4]
0, y(1) = 1.
(b) State true or false and justify: The classical second order Runge-Kutta method is uncon- (3]
ditionally stable for the solution of first order intial value problem.
(c) Apply the Heug method with step length A to the problem 3’ = y, y(0) = 1. Show that (4]
Yy — y(t5)| < Ftje7 where y(t;) is the exact solution.
l () < t;¢% where y(t;) is th t sol
(d) Statg Routh Hurwitz criterion. Illustrate with an example. 3]
Section B
(2) (a) Let L be the linear difference operator associated with a linear multistep method for a first 7]
order initial value system. Show that the method has order p if and only if L[z"; ] # 0, r =
0, 1,..., pand L[zPT! k] # 0, and the error constant Cp1 satisfies APt (p + 1)ICpi1 =
L[zP*1; p]. :
(b) Give a second order scheme for the solution of the boundary value problem 7]
y' =sinty’ +1, a<it<b, yla)=g1, ¢(b)+ky(d) = go.
(3) (a) Apply a fourth order method 7]
h2 . - - =
Y1245 + yi-1 = 15 fi-1 + 105 + fia],
where
7y = (i1~ yi-1)/(2h), Tipr = Byjr1 — 45 +y;-1)/(2h), 75 = 75 — [A(fj+1 — fi=1)/20],
Ui = (ypn 495 = 3y-1)/(2h), fi = £(x5,95,95), Fitr = f(xjz1,y541, Fhay)
to the boundary value problem y” = f(z,y,y’), where
y' —ky' =0, k>>1, y(0) = 1,y(1) = 0.
with step length h. Determine the explicit expression for y;.
(b) Apply Nystrom method of second order for the numerical solution of the initial value (7]

problem y' = y+y%, y(0) = 1. Estimate y(0.2) with & = 0.1 and use second order Taylor
series method to get the starting value.

(4) (a) Consider the non linear second order differential equation y” = f(z,y), a<z < b subject (7]
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(b) Using the Hilbert-Schmidt method, solve ¢(x) = cosh T fol K (x.t)b(t)dt,
where [8 Marks|
coshzeosh(t-1) () & o < ¢
[‘)(.T t) = { ) ’sinhhl ) ST <,
! coshtcosh(z—1 P =
_qq_luﬁl‘.—)" 1<z< l.

(5) (a) Define Green’s function for the n'* order linear BVP with vari- [3+5 Marks]

able cocfficient. Reduce the following BVP into integral equation
Y+ Ay = e%,y(0) = y/(0),y(1) = y'(1).
b
(b) Determine the Euler’s equation for the functional J [y] = [ F (z,y,y)dz.
Also, find the extremals of the functional J[y] = fab(y’2 + 27 + '
y'?)dz. [3+3 Marks|

[2 Marks]

(6) (a) Define variation of a functional with a suitable example.
[5 Marks|

(b) The thrust (P) of a propeller depends upon the diameter (D),
speed (V), mass density (p), revolutions per minute (N) and
coefficient of viscosity (u). Show that.

DN
P=pD?v2f (£ 2.

(c) Find the solution in terms of the sinh function for the WKB
approximation to the IVP: e%y” — q(z)y = 0, y(0) =0, y'(0) =
1; g(z) > 0.

[7 Marks|

(7) (a) Define the Abel’s singular integral equation. Prove that the [2+5 Marks|
characteristic numbers of symmetric kernels are real.

(b) Show that regular perturbation fails on the boundary value prob- [7 Marks]
lem: ey’ +1y +y=0,0<t<1,0<e<<1withy(0) =0 and
y(1) = 1. If t = O(e), show that ey"(t) is large; if ¢ = O(1), show
that ey”(t) = O(1). Find the exact solution and hence, find the
inner and outer approximations.
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Instructions: e Question no. 1 is compulsory. e Answer any four questions

from Question 2-7. e All notations have usual meaning.

(1) (a) Form an integral equation corresponding to the IVP: [2 Marks|
y' — 5y + 6y = 0;5(0) = 0,5/(0) = 1.
(b) State the Fredholm alternatives. [3 Mar. ks]
(c) Find the resolvent kernel for Volterra-type integral equation [3 Marks]
with the following kernel K (z,t) = coshr
(d) Using Laplace transform, solve é(z) =z — f sinh(z — t)p(t)dt. [3 Marks]
(¢) If a(x) and B(z) are continuous in [a,b], and if f:(a(a:)h(a:) + [3 Marks]
B(z)R (x))dz = 0O for every function h(z) € Di(a,b) such that
h(a) = h(b) = 0 then show that B(x) is differentiable, and
B'(z) = a(z) for all z in [a,b]. '
(2) (a) Solve the following integral equation [5 Marks]
@ t
/o jf:_)—c_l-t =sinz.
(b) Solve the following integro-differential equation: [5 Marks]
¢"(z) +2¢'(x) — 2 / sin(z — 1)@/ (t)dt = cos x5 $(0) = #'(0) = 0.
0
(c) Using Fredholm determinants, find resolvent kernel of [4 Marks]|

k(z,t) =& —sinht, —1<z<1,-1<t<L

(3) (a) Determine the relation between mth and rt* iterarted kernels of [4+3 Marks|
a Fredholm integral equation. Find the iterated kernels of the
kernel k(z,t) = e cost; with a =0, b= .

(b) Solve the following intergral equation with degenerate kernel [7 Marks|

2
d(z) — A / [T — t|sinz p(t)dt = 2.

JA0)

(4) (a) Find the characteristic numbers and eigenfunctions of the ho- [6 Marks]
mogeneous integral equation if its kernel is given by
K(,t)=e*10<r<1,0<t <1
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(b) Using the Hilbert-Schmidt method, solve ¢(z) = cosh z-+A _/6' K (i, t)p(1)dt,
where (8 Marks)

cosh x cosh(t—1) e
4 ) — sinh 1 ’ 0 Sr< t’
K(s,t)=

cosh t cosh(z—1) <
sinh 1 ! t<r=<1

(5) (a) Define Green’s function for the n'* order linear BVP with vari- [3+5 Marks]
able cocfficient. Reduce the following BVP into integral equation
y"+ Ay = e, y(0) = ¥ (0),y(1) = ¥'(1).

(b) Determine the Euler’s equation for the functional J[y] = f: F(x,y,y)dr.

Also, find the extremals of the functional J[y] = fab(y’2 + 2% +
y'2)dx. [3+3 Marks]

a) Define variation of a functional with a suitable example. [2 Marks]

(
(b) The thrust (P) of a propeller depends upon the diameter (D), [5 Marks]|
speed (V'), mass density (p), revolutions per minute (V) and
coefficient of viscosity (u). Show that.
DN
P=ppv3f (£ 27
e (pDV’ 4 )
(c) Find the solution in terms of the sinh function for the WKB [7 Marks]
approximation to the IVP: e2y” — q(z)y = 0, y(0) =0, ¥/(0) =
1; g(z) > 0.

(6)

(7) (a) Define the Abel’s singular integral equation. Prove that the [2+5 Marks]
characteristic numbers of symmetric kernels are real.

(b) Show that regular perturbation fails on the boundary value prob-  [7 Marks]
lem: e/ +y +y=0,0<t<1,0<e<<1with y(0) =0 and
y(1) = 1. If t = O(e), show that ey"(t) is large; if ¢ = O(1), show
that ey”(t) = O(1). Find the exact solution and hence, find the
inner and outer approximations.
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Question No. 1 is compulsory. Attempt any four questions from Question Nos. 2 to 7.
F, denotes a finite field with ¢ elements.

nary Hamming code Ham(r,2). [1]
2
2]
2]

(1) (a) What is the dimension and distance of bi
(b) Define a maximum distance separable (MDS) code.

ix of binary Hamming code Ham

Muller code R(1,3)-

(2) (a) Let-C be a linear code over F, with a parity ch'eck matrix f] . Let d(C)
denote the distance of C. Show that d(C) = dif and only if any d — 1

columns of H is linearly independent.
(b) Let C be a linear code over I, with a parity-check matrix

171 0.1 0
H=[10100].
10011

Find the distance of code C..
' up table for a linear code C over Fy with a parity

Let z = 100010 be a received word. Using the above syndrome-look-up table
decode . » [6-+1]

(4) (a) Let C be.an [n, k, d]-line

[
(3,2). [
[

(c) Write a generator matr

(d) Write a generator matrix of Reed-

[5]

2]

(3). Construct a syﬁdrome—look;
check matrix (

O = =
=)
—
'OOI—l
O = O
P—‘OOv

H=

&
=

ar code over F,. Show that C* is an MDS code if C

is an MDS code. : [5]
(b) Let C be an [n, k, d|-linear code over F,. Show that k+d <7+ 1. [2]
at 1 < d < n. Prove

[5]

(5) (a) For an integer ¢ > 1, and positive integers n, d such th
that
qTL

> .
i (B)@—1)

A(l (TL, d)
(b) Let g > 2 be a prime power. Show that By(n,n) = Ag(n,n) = q. [2]
(6) Let C; be an [n, k;, d;]-linear code over I, for i = 1,2. Prove that
Ig ={(w,u+v)|ueC,veClisa [2n, ky + ko, min{2d,, dy}]-linear code ove:
g . (]



[ 2 LI

(7) Let 7 : F7 - Fq[:n]/(.t"‘ — 1) be a defined as follows:
+ ”/”"lxn- 1

and only if 7(C) 15 an
7!

7T((7r().(ll,---~”‘n l) =ag t @t

Prove that a non empty subset € of F g is a cyclic code if
ideal of F,[x]/(2™ — 1).
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Instructions: e Question 1 is compnlsory. o Attempt FIVE questions in all.
e All symbols have their usual meaning unless otherwise specified.

(1) (a) Define a sigma algebra.
(b) What is No Arbitrage Principle?

(c) Show that a Brownian motion {W(¢) : ¢t > 0} is a martingale.

(2) Let (Q,F, P) be a probability space. Prove the following:
(a) P(AUB)=P(A)+ P(B) - P(AN B) where A,B € F.

(b) Tf{A,}32, is an increasing sequence of sets in F, then

n—00

lim P(A,) = P( G A).

(3) (a) Prove that the cumulative distribution function Fy of a random
variable X defined on a probablity space (Q2, F, P) is non-decreasing.

(b) Let X be a random variable with density function given by

—2z .
fxl) = {26 , x> 0;

0, otherwise.

Find E[X?] and Var(X).

(4) Write Ito-Doeblin formulae in the integral form for a Brownian motion.
Compute the Ito integral [Ot W (u) dW () using Ito-Doeblin formula.

(5) (a) Define forward derivative. Write payofts for long and short forward.

(b) State Girsanov’s theorem.

(6) Derive the Black Scholes formula for the price of a European call option
for a non-dividend paying stock.

(7) State and prove first fundamental theorem of asset pricing.

2 Marks|
[2 Marks|
[3 Marks]

[2 Marks|
[5 Marks]

12 Marks]

[5 Marks|

[7 Marksl!

[4 Marks]
[3 Marks]

[7 Marks]

[7 Marks]



