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Note: Attempt five questions in all. " QuCstion 1 is compulsory. " All questions carry 
equal marks. 

1. (a) Prove that every abelian group is a Z-module. 

Mazinum Marks: 70 

R-modules. 

(b) Find the number of Z-module homomorphisms between Z Z3 and Z4 Z6. (3) 

(c) Is every submodule of a free module free? Justify. 

(e) Prove that the homomorphic image of a divisible module is divisible. 

(3) 

(d) Let G be a finite abelian group and Q the set of rational numbers. Show that 
G®zQ = {0}. 

(3) 

(2) 

2. (a) State and prove the universal property of coproduct (direct sum) of a family of left 
(3) 

5. (a) State and prove the Bacr's Criterion. 

(8) 
(b) Prove that a short exact sequence 0’M' AM P+ M" 

R-modules and homomnorphisms, splits if and only if has left inverse. 

3. (a) Give an example of a contravariant functor that is left exact but not right. 
(b) Prove that any two free modules with bases having the sane cardinalities are always 

isomorphic. (4) 

+0, of 

(6) 

(4) 

(c) Let M be a finitely generated free module over a non-trivial commutative ring R. 
Prove that all the bases of M are finite and have the same number of elements.(6) 

4. (a) Let R be a PID and a = pp, where pi,...,p, are distinct (non-associate) 
primes in R and e,...,e, are positive integers..Prove that R/(a) R/) 
R/(). (6) 

(b) Let R be a PID. Prove that a direct sum of finitely many non-zero cyclic R-modules 
is cyclic if and only if the modules (summands) are bounded and their bounds are 
pairwise coprime. (8) 

(8) 
(b) Let M = iel Si, where each S, is a simple submodule the left R-module M. Prove 

that M is semi-simple. (6) 



6. (a) Prove that the fully invariant submodules of a semi-simple module are a sum of 

type components. (5) 

(b) State and prove the universal property of the tensor product of modules over a 

connmutative ring. 
(1+8) 

7. (a) Let N1, N be submodules of an R-module M such that M/N and M/N2 are both 
Artinian. Prove that M/(N O N) is also Artinian. 
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(3) 

(b) Let N be a proper submodule of an R-umodule M of finite length. Prove that the 

length of N is less than the length of M. (6) 

(c) Prove that a module has a composition series if and only if it is bot.h Noetherian 

and Artinian. (5) 
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Instruction: Attempt any Five questions. Question No.1 is compulsory. Each 
question carries 14 marks. 

(ii) What are the limits of the sequence 

1. (i) Justify the statement :Sierpinski space is a Th space but not T;. 

with the co-finite topology'? 

Maximum Marks: 70 

in R,, the space of real nuumbers 

(iii) Determine two different bases for the Euclidean topology ou the set of 
real numbers. 

(iv) Show that a continuous function f: (0, 1 0.1] has a fixed point. 3 
(v) Let Dn + in a space X. Show that the set {, :n E N}U{r} is a 

Compact subset of X. 

(2) 

2. (a) Let B be a collection of subsets of the set X such that X =U(B : Be B}. 
and for every two members B, and B, of B and for each points r E B,nB, 
there exists B, E B with z e B, C BnB,. Show that there is a topolog 
on X for which B is a basis. 

3. (a) Let Xg, a E A, be a family of topological spaces, and p,: 

sets. 

(b) Show that the closed topologist sine curve {(a, sin) : 0 < r < 1}u 
{(0,y) : y <1} is connected but not a path connected subset of R". (7] 

the projection onto the Bth factor. Show that a net in 
to s = (t) if and only if p. o To for each a ¬ A. 

[3 

[ X, ’X; be 
| X, converges 

(b) Prove that a space X is locally connected if and oly if the componets 
of each open subsets of X are open. 

4. (a) Show that an infinite Hausdorff space has iufuntely many disjoint open 

6. (a) Show that finite product of compact spaces is compact. 

(7 
(b) Show that a space X is compact iff each family of elosed subsets of X 

with finite intersection property has non euupty intersection. 

5. (a) Let X be a first countable space and Y a space. Show that a fnction 
f:XY is continuous if and only if , --- .r in innplies f(,) -’ 

(b) Show that a space X is Hausdorff iff each net in X converges to atmost 
one point. 

(b) Let X be a compact Hausdorf space. Show tihat a set A C Y is closed if 
and only if it is compact. (7 

f(z) in Y. 
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7. (a) Show that a I; space X 1s countably compuct if and only if it has the 

Bolzono- Weierstrass property. 
(b) Show that every metric space is first countable. Give an example of a 

space which is not first. countablc. (4+3] 
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the symbols have their usual meaning umless otherwise specified. 

Q1. Prove or disprove the following: 
(a) The norm | | on R? defined by z|| = 61| + 62l, a= (61,62) ¬ R' can 

be obtained from an inner product on R'. 

(b) The range of a bounded linear operator is closed. 

Maximum Marks: 70 

(c) The dual of a reflexive normed space is refexive. 

(d) A weakly convergent sequence in a normed space is bounded. 

(e) Let X and Y be normed spaces and T, ¬.B(X, Y). If a sequence (T,) 
is strongly operator convergent with limit T, then TE B(X, Y). 

Q2. (a) Show that a subset M of a normed space X is total in X if and only if 

every f¬ X' which is zero everywhere on M is zero everywhere on X. 
(b) Let H be a complex Hilbert space and T E B(H, H). Prove that T is 

normal if and only if ||T"z||= |Tz|| for all ¬ H. Using this, show that 

for a normal lincar opcrator T, ||T||= ||T|". 

(c) Consider X = C0,1 with the supremum norm. s f: X K defined 

by f(z) = r'(1), rE X a linear and continuous functional? Justify your 

assertion. 

Q3. (a) If X # {0} is a complex Banach space and TE B(X, X), then prove 

that o(T) 0. 

(b) Show that the dual spacc of (P is l", wherc +=1. p 

Q4. (a) Let {zl, * ** ,, } be a lincarly indepcndent set of vectors in a normed 

space X (of any dimension). Show that there is a number c 0 such 

that for every choice of salars a1, , Mns We have 

(b) Slate and pIOve the Ha)1r-Banach theoren1 for real vector spaces. 

(2 Marksj 

[3 Marks 
[3 Marks) 

[3 Marks) 

(3 Marksl 

(6 Marks) 

[4 Marks] 

[4 Marks 

[6 Marks) 

[8 Marks 

(6 Marks 

/8 Marks 
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Q5. (a) State and prove the Ricsz representation theoren for bounded liaear 

functionals. 

(b) Define the Hilbert-adjoint operator T" of a bounded linear operator T. 
Let T: (?-’² ibe defined by Tz = (0,61,62,), z = (6;) E e. Show 
that T is an isonctric opcrator but not unitary. Also, find T" and ||T. 

Q6. (a) Define the resolvent set p(T) ofT ¬ B(X, X), where X is a complex 
Banach spacc, and show that it is an opcn subset of the cormplex planc 

C. 

(b) Let T be a bounded linear operator from a Banach space X onto a 

Banach space Y. Prove that the image T(Bo) of the open unit ball 

BÍ = B(0; 1) C X contains an open ball about 0 in Y. 

Q7. (a) Let X. and Y be normed spaces, T: DT) CX ’ Y be a linear 
operator. Show that T is closed if and only if n -’ z n ¬ D(T)) and 

Tin -’ y together imply that x ¬ D(T) and Tr =y. 

(c) Let X be a complex Banach space, T:X ’ X a linear operator, and 
AE p(T). If T is closed, then show that Ra(T) is defined on the whole 

space X and is bounded. 

(6 Marksj 

(8 Marks! 

(6 Marks 

[8 Marks] 

[6 Marks 

[4 Marks! 

[4 Marks 

(b) Let X be a normed space and Y be a Banach space. If T: D(T) c 

X’ Y is a bounded closed linear operator, then prove that D(T) is a 

closcd subset of X. 
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Instructions: o Write your roll number ou the space provided at the top of this 
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and answer any four questions from the rest of questions no. 2 to 7. o All the 

symbols have their usual meauing unless otherwise mentioned. 

(1) (a) Define the acceleration of a noving fluid and reduce it for a flow of 
potiential kind. 

(b) Classify all type of forces acting on a fuid. 

Maximum Marks: 70 

(c) Doublets of strengths l1, ug are situated at points Aj, A, whose cartesian 
coordinates arc (0, 0, c;), (0,0, c), thcir axcs being dirccted towards and 

away from the origin respectively. Find the condition that there is no 
transport of fluid over the surface of the sphere r + y+z'= qo 31 

(d) Define Stokes stream function and explain its physical significance. 

(e) Write the tensor form of Navier-Stokes equation. 

[3) 

(2) (a) Show that vortex lines and tubes cannot originate or terminate at inter 

nal points in a fluid. 

(b) For a fuid moving in a fine tube of variable section 4, prove from frst 

principles that the equation of continuity is 

|3) 

where v is the speed at a point P of the fluid and s the length of the 

tube up to P 

(e) Show that at any point P of a moving inviscid Muid the pressure p is 

same in al! dircctious. 

with 8as rim. 

(3) (a) If hp denotes the potential at any point P of the thuid, then prove that 
7} 

() - As o0, wherc is a const.ant. 

(4) (a) Ctate and prove V/oiss spe iiH Orem. 

(h) State and prove Keviw's ciretion tleoren. Also show that in a circuit 

#of finid barticles movin vndy lhe sane conditious as in the lkelviu's 

' is co:Niant whero S is an opeu srface 
|512} 
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(b) Determine the Stokes's strcan function for uniform line source along 

(c) Determine the condition for a surface to be a possible bonndary for a 
moving fuid. 

(5) (a) Defne the coefficient of viscosity and determine its dimension. 

- 2 

(b) Define a line vortex. Also, obtain the cOmplex velocity potential for a 

line doulblet. (2 +4} 
6 (c) State and prove theorem of Blasius. 

(6) (a) Define the stress matriz. Show that the stress matrix is diagonally syn 

metric and contains only six unknowns. (2-5) 

(b) Find relations between stress and rate of strain. Also, write the tensor 

form of stresscs. 

(7) (a) Find thc dimension of Siokes's strcam function. 

5+2) 

2 
(b) Assurning there is no slip between the fluid and either boundarY ard 

neglecting body forces, deteremine the mean velocity of viscous incom 

ressible fuid under steady ffow between parallel planes. 

a. 

I6 

(c) If w = f(3) is the complex potential for a two-dimensional motion having 

no rigid boundaries and no singularities of flow within the circde izË = e, 

show that on introducing the rigid boundary |2 into the fiow. the 

new compiex potential is given by w = f(2) + f(e/:) for 6 
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