
Your Roll Number: 

Department of Mathematics, University of Delhi 
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Part I Semester II 
MMATH18-201: Module Theory, UPC- 223501201 

Time: 3 hours Maximum Marks: 70 

Instructions: " Question 1 is compulsory." Attempt any four Questions 
from the rest." All questions carry equal marks. 

(1) (a) Define isomorphic categories with example. 
(b) Does every torsion-free divisible abelian group a direct sum of 

copies of rationals Q? Justify. 
(c) Define length of module and determine the length of the Z 

module Z1o 

(a) Are Zz and Zg projective and free Ze- modules respectively? 
Justify. 

(e) Is 2ZO,Z, a submodule of Z 0 Z? Justify your answer. 

(2) (a) Prove that a short exact sequence 0 ’ M' ’ M ’ M" ’0 
splits if and only if a has a right inverse. 

R-modules. 

(3) (a) Define a category and give two examples. 

(2 Marks| 

is mapped to the zero module of the category SMod under an 
additive functor F from RMod to gMod 

(3 Marks 

(b) State and prove universal property of direct product for left 2+6 Marks) 

(4) (a) Show that a left R-module is projective if and only if it is iso 
morphic to a direct summand of a free left R-module. 

(3 Marks) 

(3 Marks) 

(5) (a) If M.N and P are threc R-modules, then prove the following 
(M8 N) P M (N& P). 

3 Marks 

[6 Marks] 

(b) Describe what is Five-Lemma. Provide a detailed proof of the (2+6 Marks) 
Lemma. 

(c) Show that a zero morphism in the category RMod corresponds (2+2 Marks) 
to a zero morphism in categpry SMod and zero module in RMod 

(2 Marks) 

(6 Marks 

(b) Show that every injective left module over an integral domain 8+3+2 Marks 
divisible. Does the converse hold? Justify. Also give an example 
of a projective module which is not injective 

[7 Marks] 

(b) Prove that every module is a quotient of free module. Give an (4+3 Marks 

example of a module which is not free. 
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(6) (a) Prove that every submodule of a semnisimple module M is com 

plemented in M. 

(b) Define a fully invariant submodule of an R-module M. Show 

that the fully invariant submodules are nothing but the two sided 

ideals when R is considered as a right R-module. 

(b) Let M be a torsion module over a principal ideal domain R. 

Prove that M = M,, where M, is p-primary submodule of M 

and p is a prime in R. 

(7) (a) Prove that a finitely generated module over a principal ideal 5+2 Marks 

domain R is free if and only if it is torsion-free. Hence show that 

Rn is not bounded. 

(8) (a) Let N be a proper submodule of a module M of finite length. 

Prove that length of N is strictly less than length of M. 

(8 Marks] 

(b) Let 0 M M M" ’0 be a short exact sequence of 
R-modules and R-homomorphisms. Prove that M is Noetherian 
iff both M and M" are Noetherian modules. 

(6 Marks 

[7 Marks] 

[7 Marks 

(7 Marks 
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Time: 3 hours 

Instructions: Attempt five questions in all. 
and answer any four questions from Q 2 to Q 8. 

marks. 

Q1. Prove or disprove the following: 

Maximum Marks: 70 

Question 1 is compulsory 
All questions carry equal 

(a) The set { neN} of the real line R is discrete. 

(d) 

(b) Local connectedness is preserved by a coutinuous inap. 

(c) Let X be a topological space and ACX. Ifr¬ A, then there is 
a net inA that converges to . 

A closed subset of a separable space is separable. 
(e) The Bolzano-Weierstrass property is preserved by a continuous 

map. 

Q 2. (a) Let A = {!|n¬ N}. Show that the collection of open inter 
vals (a, b) and the sets (a, b) � A is a basis for a topology on R. 
Compare this topology with the usual topology on R. 

(b) Let X and Y be topological spaces. Prove that a function f: 
X’Y is continuous if and only if it is continuous at each point 
of X. 

Q3. (a) Let Aa, n =1,2, be a fan1ily of metrisable spaces. Show that 
the product space ||X, is metrisable. 

b) Let t A, be t fity of topotogicat spces. Prove that 

Q 4. (a) Define the closed topologist's sine curve. Prove that it is con 
1lected but uot pat h-connected. 

(b) Let X, Y and Z be topological spaces. Show that a function 
f:Z’ X- Y is continuous if and only if the coordinate niaps 

P, of: Z’ X and p,. of:Z’ Y are continuous. 

Q 5. (a) Show that a topological space X is Hauslorff if anl only if the 

set {(r.r)| rE}is closed in x. 

(b) Let o: A ’1 be a net in a topological space X. Prove that 

(2 Marks 
(3 Marks! 
(3 Marks 

(3 Marks] 

(3 Marks) 

8 Marksl 

[6 Marks] 

[8 Marks) 

o ttarks 

|S Marks) 

6 Marks] 

8 \Marks 

[6 Alarks 

IIX, is connected if and only if each X, is connected. 
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EX is a cluster point of o if and only if there is a subnet of 

that co1verges to .. 

Q6. (a) Let 9 = {0}ufR � FIF is closed and bounded in R}. Show 

that (R, 9) is T, but not T2. 

(b) Show that the Sorgenfrey line R is first. countable but. not sccond 

countable. 

Q7. (a) Let X be a compact Hauslorff space. and f : X ’ Y be a 

continuous surjection. Show that Y is Hausdorff if and only if f 

is closed. 

(b) Let A be a compact subset of a Hausdorff space X and z E X-A. 

Show that there are disjoint open sets U and V such that reU 

and A cV. 

Q 8. (a) Prove that a T; space is countably compact if and only if it has 
the Bolzano-Weierstrass property. 

(b) State and prove the Tychonoff theorem. 

(8 Marks 

[6 Marks) 

[8 Marks) 

(6 Marks 

(8 Marks 

(6 Marks] 
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MMATH18-203: FUNCTIONAL ANALYSIS 
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Instructions: Section A is compulsory. Answer any four questions from section B All 

Section A 

(1) (a) Fix a = {a} ¬?, define f() = anôn, 2 = {6m) e. Find the norn of the 
functional f. 

k=l 

(b) Show that if {ex}is an orthonormal scquence in an inner product space X, then 

Maximum Marks: 70 

<,ek >< y, ek >|< ||e||lyll, Vz,y e X. 

(c) Give an example to show that in a normed space X, the weak convergence of a 
sequence need not imply strong convergence. 

(d) Show that A =0 is a spectral value of the right shift operator T:?’ defined 
by T(E1,2,...)= (0, §1, §2,...). 

(e) Is every isometric operator on a Hilbert space unitary?Justify. 
Section B 

(2) (a) Show that in a normed space X absolute convergence of a series implies its con 
vergence if and only if the space X is complete. 

(b) Give an example of a set in which is not total. Prove that an orthonormal set 

closed. 

(c) Show that in an inner product space, z ly if we have ||z + ayl| =||- ayll for 
all scalars a. 

{3) (a) IfX and Y are Banaeh spaces and Te B(X,Y) is surjeetive, then show that the 
image T(Bo) of an open unit ball Bo = B(0, 1) CX contains an open ball about 
0 of Y. 

(b) Let HË and H, be Hilbert spaces and T E B(H), H2). Define the Hilbert adjoint T* 
of T, show that it exists, and is a bounded linear operator with norm ||T|| = ||T*I|. 

(4) (a) Let X and Y be Banach spaces and T: D(T) ’ Y be a closed linear operator, 
where D(T) CX. Prove that if D(T) is closed in X, the operator T is bounded. 

(b) Show that the dual space of l' is isomorphic to *, 

(c) Define T: ’o0 by T({6;)) = (. Prove that the null space of T is 

(5) (a) Show that any two norms on a finite dimensional vector space X are equivalent. 

(3] 

[3 ] 

3] 

3 ] 

2] 

[6] 

[6] 

(2] 

(6] 

(3] 

(7] 

notations have usual meaning. 

in a Hilbert space H is total in H if an only if the Parseval relation holds. 
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What happens if X is infnite dimensional? Justify your answer. 

(b) Let X be a normed space, Y a Banach space and T : D(T) C K ’ Y be a 

bounded linear operator. Then show that T has an extension T: D(T) ’ Y 

which is bounded, lincar and has norm |T|| =||7T||: 

- 2 

(6) (a) Let f be a bounded linear functional on a subspace Z of a normed space X. 

Then prove that there exists a bounded linear functional f on X which is an 

IIx = IlSllz where ||fllx = 
extension of f to X and has the same norm 

supsex f()|, ||fllz = suprez f()I: 
l||=1 ||l|=1 

(b) Let {n} be a sequence of operators such that T,E B(X, Y) where X and Y are 

Banach spaces. Then show that the sequence (T) is strongly operator convergent 

if and only if 
a. the sequence {|T|} is bounded, 

b. the sequence {T,c} is Cauchy in Y for every z in a total subset M of X. 

(c) State true or false and justify: For a bounded linear operator T:X’ Y where 

X and Y are normed spaces the range space is closed. 

(7) (a) State and prove uniformn boundedness theorem. Give an example to show that 
the hypothesis of completeness of the underlying space cannot be dropped from 
the uniform boundedness theorem. 

(b) Prove that o(T), the spectrum of a bounded linear operator T on a complex 
Banach space X is compact and lies in the disc {AE C: |A| < ||TI|}. 

(8) (a) Let Y be a proper closed subspace of a normed space X. Let zo ¬ X - Y be 
arbitrary and 8 = d(ro,y). Then show that there exists a fe X'such that ||fll = 
1, f(y) = 0 yeY, f(o) = 8. 

(b) Show that a reflexive normed space is complete. 

(c) Prove that the spectrum o(T) of a bounded linear operator T ¬ B(X, X) where 
X 0 is a complex Banach space is non-empty. 

(7] 

(5 ] 

[7] 

(7] 

[6 ] 

(3] 

5 
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Maximum Marks: 70 
Attempt any FOUR 

All the symbols have their usual meaning. 
in section A is compulsory. 

Section A 
(Answer all parts, 14 Marks) 

(1) (a) Explain the continuum hypothesis. Write the two criteria for validity 
of the continuum hypothesis. 

(b) Write Euler's equation of motion in comnponent form in (r, 0, z) 
coordinate. 

(c) Deduce the velocity component (gr, ge) at a point (r,0) due to axi 
symmetric flow of incompressible fluid with the axis of symmetry 

OZ, where O is origin. 
(d) Explain the Magnus effect in a two dimensional fuid motion. 

(e) Compute the rate of volumetric strain in a viscous ffuid motion. 
Find its value for an incompressible fluid. 

Section B 

(Answer any FOUR questions, 56 Marks) 

in a fluid motion. 

(3 Marks) 

(b) Find the value of a, b and c for which the motion given by the velocity 

(I+ 2y + az)i+ (bz � 3y - z)j+ (4z + cy + 2:)k is irrotational. 

(2 Marksl 

(2) (a) Define a material volume, control volume, streak lines, and vorticity (4+3 Marks 

vector. Derive relation between the local and particle rate of change 

(3 Marks 

(4) (a) An inviscid incompressible fluid moves steadily with velocity q = 

(ka, -ky, 0), where k is constant, under no external body force. 

Compute the pressure p(,y, z) in the fluid motion when p(0,0, 0)) = 

Po 

(3 Marks 

(b) State the principle of conservation of mass. Derive the equation of 2+5 Marks) 

continuity for a fuid motion in integral and differential form. Write 

the equation of continuity for a two dimensional motion in (r, 8) 
coordinate. 

(b) Consider a uniform stream of steady, irrotation al flow of incompress 

ible fluid past a stationary sphere of radius a at origin. Describe the 

problemn with a neat diagram and find the velocity potential, fluid 

velocity, stagnation points and pressure at any point of the sphere. 

3 Marksl 

(3) (a) Define a boundary surface in a fuid motion. Prove that the surface 1+5 Marks 

A t kt(y+ 2) = o', where a and k are constant, is a possible 
form of boundary surface of a liquid motion at time t. 

(c) Derive the Bernoulli's equation of motion in its most general form. 5+1 Marks 

Also, deduce its particular forms. 

(2 Marks) 

(3 Marks] 

[6 Marks 
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Also, find the condition when fAuid break away the contact of the 

sphere along the equatorial line. 
(c) State and prove the Kelvin's circulation theorem. 

(D) (a) Define a three dimensional doublet. Find the velocity at point due to (2+3 Marks 

a Simple source of strength m and show that the motion is irrotational 

and hence find the velocity potential. 

(b) Find the image of a simple source of strength mn in a rigid inhnite 

plane. 

(1+4 Marks) 

(6) (a) Define a two dimensional motion and complex velocity potential. 
Compare the dimensions of a stream function and kinematic coeffi 

cient of viscosity. 

(c) Define axi-symmetric flow and the Stokes stream function. Find the 2+5 Marks 

Stokes stream function due to a uniform line source of strength m per 

unit length along line OA on OZ axis, where O is origin. Determine 
the stream surface due to the uniform line source. 

(b) Deduce the physical interpretation of stream function for a two di 
mensional flow. 

a unit length of a long infinite circular cylinder of radius a placed in 
a uniform stream -Ui with a circulation of 2rk about the cylinder. 

(7) (a) Compare the Weiss's sphere theorem, Milne Thomson's circle the 
orem and Butler sphere theorem in term of their asSumptions, con 
clusion and applications. 

(2 Marks 

(c) State the theorem of Blasius. Discuss the action of fluid pressure on 2+5 Marks 

at (-1,0) and (1,0) and a sink of strength 2rm at origin in two 
dimensional motion. 

[3 Marks 

(4 Marks 

(b) Discuss the fuid motion due to a complex potential w = ik logz. (4+3 Marks 
Find the equation of stream lines due to a source of strength m 

[7 Marks) 

a viscous ffuid ffow between the two parallel planes. Compute the 
velocity profile between the two planes and drag per unit area on the 
lower and upper plane. 

(8) (a) Define stress components in a real fluid. Write relation between (2+1 Marks 
stress components and rate of strain in tensor form. 

(b) Derive Navier-Stokes equation of motion for a viscous compressible (4 Marks] 
Auid. 

(c) Explain the Newton's law of viscosity. Discuss with necessary as- (2+5 Marks] 
sumption about the solution of Navier Stokes equation of motion of 
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