Your Roll Number: ................

Department of Mathematics, University of Delhi
M.A./M.Sc. Mathematics Examination, May 2019
Part 11 Semester IV
MATH14-401(A): Algebraic Number Theory

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the top immediately on receipt
of question paper e Section A is compulsory e Attempt two questions each
from Section B and C. e Throughout Ok denotes the ring of algebraic
integers of a number field K of degree n. Each question carries 14 marks.

Section A
(1) (a) Give an example of a number field K = Q(#) of degree 6 for
which Ok = Z[6).
(b) Let K = Q(¢), where ( is a primitive p-th root of unity. Prove
that 1+ +C2+---+ (P % is a unit in Ok.
(€) Is (2+i)(2-i)=5=(1+2i)(1— 2i) an example of non-unique
factorization in Z[i]? Justify. ;

(d) Let A, B be ideals of Ok. Prove that (A, B)[A, B] = AB, where
(A, B) and [A, B] denote respectively the ged and lem of A, B.

(e) Let P be a prime ideal of Ok containing a prime number p.
Prove that P contains an integer a if and only it p divides a.

(f) Find the class number of the number field Q(v/-5).

Section B
(Attempt any two questions)

(2) (a) Define integral basis. Prove that every number field K possesses
an integral basis and the additive group of Ok is a free abelian
group of rank equal to the degree of K.

(b) Let K = Q(V/d), where d is a square free integer. Prove that
an element o € K is an algebraic integer if and only if its norm
and trace are both integers. Does the result hold for arbitrary
number fields? Justify.

(3) (a) Find the integral basis and discriminant of the number field K =
Q(V/d), where d is a square free integers

(b) a?t K = Q(¢), where ¢ is primitive p-th root of unity. Prove
at

disc(1 — ¢) = disc(¢),
where disc(¢) = Ak/q(1,¢,¢?, ..., ¢(P72).
(c) Let K = Q(¢/m), where m is a cube free positive integer. For

8]
4]

2]
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any a € Z, find Ng(¥Ym + a).

— - 9
(4) (a) For which of the number fields, Q(v/=1), Q(v/~2), Q(\/'f 3),Q(v/—14), (9]
Q(V/-5) the ring of algebraic integers is a PID? Justify.

(b) Let a € Ok, where K = Q(i). Show that if Nx(a) is a prim.e [2+3]
number, then « is irreducible. Show that the same holds if
Nk (a) = p?, where p is a prime number of the form 4k + 3.

Section C
(Attempt any two questions)

(5) (a) Prove that every non-zero prime ideal of O is maximal. 5]

(b) Show that for a positive integer m, there exist only finitely many 4]
ideals of Ok with norm at most m.

(c) Let P be a prime ideal of Ok. Prove that for all z € Ok 5]

VP =z (mod P)

and the norm N(P) is the smallest positive integer for which the
above congruence holds.

(6) (a) Prove that a discrete subgroup of R™ is a lattice. 5]

(b) State Minkowski’s Theorem and use it prove two Squares Theorem. [1+4]

(c) Find all integer solutions of the equation z2 + 1 = 2y3. 4]

(7) (a) Let L be an n-dimensional lattice in R” and let {v,...,v,} and 5]
{wi,...,wa} be any two basis of I, Prove that the absolute

value of the determinant formed by taking v; as the rows is equal
to the one formed from the w;.

(b) Let K be a number field of degree n = s + 2t, where s and 2t 4]
denote respectivley the number of real and complex monomor-
phisms of K, such that for every prime number p with

4\* n!
p<(2) 2w

every prime ideal of 0 dividing (p) is principal. Prove that Oy
is a PID.

(c) State Dedekind’s Theorem and find the class number of Q(v-163). (1+4]
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MATH14-401(B): Theory of Non-Comn

Maximutn Marks: 70

Time: 3 hours .
lhs(ructinns: e Write youl roll number on the space P‘l“"”(lc(.l‘u,t’ r‘h(:ll:(,)[r)\f()of
this page immediately on receipt of this question p:\p:W e Sec /\II is (:)'rrr:f)m. o
Attempt any two questions each from Sec A and Sec B e A (}u s )-ﬁ »w“h
equal marks e Through out this question paper the worc - ans a ring Wit

an identity element 1 which is not nccossrarrri]y commutative. o o

] "ring  me

Section A
utative ring without identity of

(with identity) of same order is
[2+3)

(1) (a) Show that there exists a non-comil
order p?. Also show that any ring
commutative.

an module A/ over ring R is Hopfian. Show that

an if and only if Ris Dedekind-finite.

R is Dedekind-finite. [3+3+1]

¢ ring is both left and right symmetric. 2]

(b) Prove that any noetheri
the left regular module rR is Hopfi
Justify that any left noctherian ring

(¢) Show that a semisimpl

Section B

of a triangular

(2) (a) Describe the left, right and two sided ideal structures
[3+3+3]

ring.
(b) Show that the differential polynomial ring k[x; 6] satisfies Lebnitz rule.
Also show that an inner derivation is a derivation but the converse
may not hold in general. [2+3]

(3) (a) Let By, , B, be left ideals in a ring R. Show that R=B\® ---&B,
if and only if there exists idempotents ey, -+, €n with st 1 such that
eie; = 0 whenever i # j and B; = R,, for all i. Prove the above when
B,’s are ideals and idempotents are central. Show that in this case
‘when. B,’s are ideals, jf R=DB,® ® B,, then each B, is a ring with
identity ¢; and R = By x -+ X By,. [3—?3+1]

(b) In the Hilbert twist ring R = K[z; 0] where K is a division ring and o

(4) (a) Let R be a simple ring
> a simple ring, then s . PR )
simple. g, then show that the matrix ring My(R) is also
(5]

(b) For any ring R, if all cyclic lef
) clic left R- R Py
that R is left Semisimpl)(lg ' ¢ left R-modules are projective, then show
[4]
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(¢) Show that any left semisimple ring 1 is both left noetherian and left
artinian. [5]
Section C

(5) (a) For semisimple rings, state Wedderburn-Artin structure theorem care-
fully. 2]

(b) Let R = M,(D) where D is a division ring. Show that R is simple,
left semisimple, left artinian, left noetherian. [6]

(c) Prove that End(niM) = M, (E), the ring of n x m matrices over the
ring of endomorphisms of an R-module M. (6]

(6) (a) Prove that the ring R is semisimple if and only if R is semiprimitive
and satisfies D.C.C on principal ideals. 8]

(b) State and prove Nakayama’s lemma. [6]

(7) (a) Show that in a left artinian ring, any nil left ideal is nilpotent. 5]

(b) Let Rbe a semiprimary rin

8- Use Hopkins-Levitzki result to show that
A.C.C. implies D.C.C.

[9]

i
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Department of Mathematics, University of Delhi, Delhi
M.Sc. (Mathematics) Examinations, May 2019
Part 1T (Semester V)

MATH14 - 401(C): Simplicial Homology Theory

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the space provided »at the top of
this page immediately on receipt of this question paper e Notations used are
standard e Section A is compulsory e Attempt two questions each from
Section B and C

Section A
(1) (a) Let 0™ =< wp,v1,0a,...,v, >, n € N, be an n—simplex. Find a
formula giving number of faces of ™.

(b) Give an example of a continuous map f : [K| — |L| which has
no simplicial approximation g : K — L.

(c) Find the Euler charactersitic x(X) of a compact, convex sub-
space X of R3.

(d) Show that each chain derivation map on a finite simplicial com-
plex K is a chain map.

(e) Give an example of a continuous map f: D™ — {0} — D" — {0},

A

n > 1, which fixes every point on S"~!. Justify your answers.
Section B
(Do any two questions)
(2) Let K and L be two finite simplicial complexes.

(a) If f : |[K| = |L| is a continuous map, then show that f has a
simplicial approximation if and only if K is star related to L.

(b) Let |K| be the geometric carrier K such that the space |K| is
path connected. Prove that the 0-dimensional homology group

Hy(K;Z) = (Z,+).
(3) Let S" denote the n—dimensional sphere in R**! n > 1,

(a) Compute all the homology groups H,(K;Z), p > 0, where K is
a triangulation of the n—sphere S".

(b) Define the degree of a continuous map f:S" — S". Prove that
if f is a homeomorphism, then degree of [ is either +1 or —1.

[2 Marks|
(3 Marks|
13 Marks|
[3 Marks]

[3 Marks]

P

|7 Marks|

[7 Marks|

(9 Marks|

[5 Marks)
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incaré theorem. Hence show that if S

-ove Euler-Po
(4) (a) State and prove oo, I odges, and F faces,

is any simple polyhedron with V vert

then

V-E+F=2

nifold. Derive a formula for finding

(b) Let K denote a 2-pseudoma : i
al triangulation

minimal triangulation of K. Hence, find a minim
of the 2-sphere S?.

Section C

(Do any two questions)

(5) (a) Let K and L be two finite simplicial complexes, and f : |K'| = [L|
be a continuous map. State and prove the functorial properties
of the induced homomorphisms f : Hy(K) = H,(L) for each

p=0.
(b) Show that if m # n, then
(i) R™ cannot be homeomorphic to R™.

(ii) S™ cannot be homeomorphic to S™.

(6) Let K and L be two finite simplicial complexes, and f,g : |K| —
|L| be continuous maps. Prove that if f and g are homotopic,
then for each p > 0, the induced homomorphisms

fy-95  Hy(K:Z) — Hy(L; Z)

are equal.

(7) (a) Prgve that every simplicial map ¢ : K — L induces a homomor-
phism ¢, : H,(K;Z) — H,(L;Z) for each p > 0.

(b) State and prove Lefschetz fixed point theorem.

[9 Marks]

[5 Marks]

[9 Marks|

[5 Marks]

[14 Marks]

[5 Marks|

[9 Marks]
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Department. of Mathematics, University of I)(zlhl’ (
M.A./M.Sc. Mathematics Examinations, May-June 2019
Part I Semester IV
MATHI14 401 (D): Advanced Group Theory:

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the space provide‘d at the top
of this page immediately on receipt of this question paper e S(’,'Ctlf)n-A is
compulsory e Answer any two questions from Section-B and Section-C e
Each question carries 14 marks.

Section-A

(1) Answer any four questions:

(a) Let H < Z(G) and G/H be nilpotent. Show that G is nilpotent.

(b) Let N be a nontrivial proper normal and H be a Hall p-complement
of a finite group G. Show that H/N/N is a Hall p-complement of
the quotient group G/N.

(c) Let N<G. Show that NN F(G) = F(N), where F(G) denotes
the Fitting subgroup of G.

(d) Let H char G and H < K < G. Show that K/H char G/H
implies that K char G.

(e) Define presentation of a group G. Give a presentation of a dihe-
dral group.

Section-B

(2) (a) Let A9A* and BaB* be four subgroups of a group G. Show that
B(B*NA)aB(B*NA*), A(A*NB)1A(B*N A*), and there is an
isomorphism B(B*N A*)/B(B*N A) & A(B*N A*)/A(A* N B).

(b) Let G be a finite group. Show that G is nilpotent if and only if
every maximal subgroup of G is normal.

(3) (a) Let G be a group such that the higher center ¢*(G) = G. For
a € G, show that the map ¢ : G — @, defined by ¢(x) = [a, 2],

is a homomorphism. Deduce that the centralizer Cg(a) of a is
normal in (7,

(b) Prove that a characteristically simple finite group is either simple
or direct product of isomorphic simple groups.

(4) (a) Let H be a solvable subgroup of a finite group G and P be

a unique sylow subgroup of G. Show that HP is a solvable
subgroup of G.

[7 Marks]

7 Marks]

[4+2 Marks|

(8 Marks|

(4 Marks]
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(b) Let a group G has a composition series and H aG. Show that

H has a composition series.

group of order mmn, where (m,n) =
1. Assume that any group G satisfying this condition has a
subgroup of order m. Show that any subgroup of G of order k,
where k|m, 1s contained in a subgroup of order m.

(c) Let G be a finite solvable

Section-C

(5) (a) Prove that every finite group has a unique maximal normal nilpo-

tent subgroup.
(b) Define semidirect product. Is the quaternion group Q
product of any of its two subgroups 7 Justify.

¢ semidirect

alternating group Asi.

ormal endomorphism o1
then show that it is

(6) (a) Leto and ¥ ben
al endomorphism on Az

If ¢ + ¢ is norm
nilpotent.

(b) Let H<G be such that H and G /H have descendin
ditions (DCC). Show that G has DCC.

g chain con-

uxtaposition
X. Show that the

(7) (a) Define reduced word and binary operation ]
ion juxtaposition 1s

collection of reduced words for a given set
collection of reduced words under the operat

(4 Marks]

(6 Marks|

(9 Marks]

[144 Marks|

8 Marks]

6 Marks]

on the [2+2+3 Marks]

a free group with basis X.
[1+2+2 Marks]

(b) Define Frattini subgroup ®(G) of a group G. Show that

(i) ®(G) char G.
(i) if g is nongenerator of G, then g € o(G).

¢



Roll Number:

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI
M.A./M.Se. Mathematics End-semester Examinations, May 2019
Part-1T Semester-1V
MATH14-402(A) : ABSTRACT HARMONIC ANALYSIS

Time: 3 hours Maximum Marks: 70

Instructions:

e Write your roll number on the space provided at the top of this page immediately after
receiving this question paper.

e Section - A i1s compulsory.

e Attempt any two questions each from Section - B and Section - C.

e All questions carry equal marks.

Section - A

Question - 1 Marks distribution : 4+3+3+4

(a) Let A = Co(R), and let p be defined on A by p(f) = [°°_ f(t)e™* dt. Show that pis
a bounded positive linear functional.

(b) Give a 2-dimensional unitary irreducible representaion of SU(2) x T.

(c) Describe the Heisenberg group as a semidirect product of two groups.

(d) Let G = {(b.a) € R? : a > 0} with multiplication (b,a)(b'.a") := (b + ab/,aa’).
It H = L%0,00), show that G > u — V,, € B(H) given by V,p(A) = ey (Aa)al.
where u = (b,a), ¢ € L?[0,00) and X € [0,00), is a unitary representation of G.

Section - B (Attempt any two questions)

Question - 2 Marks distribution : 4+10
(a) Let A be a Banach *-algebra with unit u. If z € A with ||z|| < 1. then show that
there is y € A such that y* = u — z.

(b) Let A be a Banach x-algebra and let p be a positive linear functional on A satisfying
p(z*) = p(z) and |p(z)|*
there is a cyclic *-representation 7' of A on a Hilbert space H with cyclic vector {

such that p(z) = (T, ), for every x € A

< ap(z*r) for every r € A and some constant a. Show that

Question - 3 Marks distribution : 6+8

a) State and prove Schur’s Lemma for irreducible representations of a Banach x-algebra.
P I ¢

(b) Let G be a locally compact Hausdorfl topological group with a left Haar measure,
and let p be a cyclic *-representation of L'((7) on a Hilbert space H, such that, for

every 0 # v € H, thereis [ € LM(@) satistying p(f)v # 0. Show that there is a
-1- -—-- PTO - ——
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unitary representation 7 of (7 such that
(p(9)u,v) = /g(.r)(vr(.'c)u,u) dr
for all u,v € H, and g € L'(G). .
Question - 4 Marks distribution : 34645
(@) Let G b tation of G

and let 7 be the left regular represen

(a) Let G be an infinite compact group,
s it irreducible?

on L3(G). Show that 7 is a representation of G, which is unitary. I

Justify your answer.

(b) State and prove the Gelfand-Raikov theorem.

(c) Show that a compact group has sufficiently many finite dimensional irreducible rep-

resentations to separate points.

Section - C (Attempt any two questions)
Marks distribution : 5+7+2
= 1,2. Show that

Question - 5
(a) Let G be a compact group and let o5 € G, f; € I,(G) for j
I fi(z) fo(z) dz = 0.
(b) State and prove the Peter-Weyl theorem.
(c) Is Q(z) := e® a positive definite function on R? Justify your answer.

Marks distribution : 34+6+5

Question - 6

(a) Show that for a non-negative integrable function g on R, the function f(z) :

% et=g(t) dt is positive definite on R.
(b) Describe irreducible unitary representations of SU(2). Show the irreducibility.
(c) Let G be a compact group, and let 0 # f € L}(G). Suppose that h is a function
on G satisfying h(z)f(y) = [ f(tzt™"y)dt for all z,y € G. Show that h = ixa for

some irreducible representation of G.

Question - 7 Marks distribution : 4+4+6

(a) Let G be a compact group. Show that {x» : 7€ G‘} is an orthonormal basis for
Z(L¥(@)). '

(b) Let G bea locally compact group and H be a closed subgroup of G. Show that there
is a surjective map from Coo(G) into Coo(G/H).

(c) State and prove the Bochner’s theorem for locally compact abelian topological groups.

_ — — End of the Questions — ——
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M.A./M.Sc. Mathematics Examinations, May 2019
Part IT Semester IV

MATH14-402(B): Frames and Wavelets

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the space provided at the top of this
page immediately on receipt of this question paper @ Question No. 1 of Section
A is compulsory  Answer Two questions from Section B and Two questions
from Section C e Each question carries 14 marks. e Symbols have their usual

meaning.

Section A (14 marks)

(1) (a) Give an example, with justification, of a complete infinite family of |2 Marks|
vectors in V which is not a frame for V.
(b) Give an example, with justification, of a Parseval non-exact frame for [2 Marks|
H.
(c) Define Riesz frame. Give an example, with justification, of a frame 1+2=
for H which is not a Riesz frame. 3 Marks
(d) Give an example of a Gabor Parseval frame for L*(R). Justify your |3 Marks]
answer.
(e) Show that {cx | ckt+1}52; is a minimal Bessel sequence in #H, where  [2 Marks]
{ex}2, is an orthonormal basis for H.
(f) Define Haar wavelet? State any one property of the Haar wavelet. 1+1=
2 Marks)|
Section B (Answer any Two questions: 2 x 14 marks = 28 marks)
(2) (a) Show that the frame coefficients have minimal ¢2-norm among all |3 Marks]
scalars in the representation of a signal.

(b) Show that if dimV = n and {fx}{*, is a frame for V, then there exist ~ [5 Marks]
n — 1 vectors {h;}7=} C V such that {fi}, U{hj};.‘;ll forms a tight
frame for V.

(c) State and prove the Haar reconstruction theorem. [24+4 = 6 Marks|

(3) (a) Show that functions in V; associated with the Haar scaling function  [3 Marks]
forms a Parseval frame for V}, j € Z.

(b) Show that if {fi}7, is a frame for V with pre-frame operator T [4 Marks]
and frame operator S, then Tt'f = {(f,S7'fx)},, where T' is the
pseudo-inverse of T'. _

(c) Prove that a sequence of non-zero vectors {e;x}32, in a Banach space  [7 Marks]

X is a Schauder basis for X if and only if [ex] = X and there is a
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i , > m
constant K > 0 such that for all n,m € N with n. 2 T

m n
[$- e < K e
k=1 k=1

for all scalar-valued sequences { ck bzt ' 5 Marks]
(4) (a) How frames are used in signal processing” Epigit: sub- (5 Marks]
(b) Prove that L*(R) = Vo @ WoD Wi @..., where W Zn(i.{a‘,/g,ra:zz;ling
spaces of L2(R) associated with the Haar wavelet an
function, respectively. 143=
(c) Define similar frames. Show that any two similar Parseval frames for ) 1\[/Iarks]
V are unitarily equivalent.
Section C (Answer any Two questions: 92 x 14 marks = 28 marks)
= 6 Marks
(5) (a) State and prove the frame minus one theorem. [1+5=6 ] -
(b) Prove that every frame for H is a multiple of a sum of three orthonor- [5 Mar ks]
mal bases for H.
(3 Marks|

(c) Show that if {fi}fz; is & frame for H with frame bounds A, B;
{9}, C H and {fx — ge}i2, is 2 Bessel sequence with Bessel bound

B, < A, then {gx}f2, is a frame for H with frame bounds (VA-+/B,)
and (VB + 1/By)*.

(6) (a) Show that a sequence {/k}j2, C His a Riesz basis for H if and only
if [fi]2, = H and the Gram matrix associated with {fx}%2, defines a
bounded, linear and invertible operator on £(N).

(b) Show that if {fi}{2, is a frame for H with frame bounds A,B and
U € B(H) with closed range, then {U f¢}32, is a frame sequence in H
with frame bounds A||Ut||~2, B|U|>.

(c) Show that a frame for H is w-independent if and only if it is exact.

(7) (a) Define dual of a frame. Prove that if {fi}32; be a frame for H with
frame operator S, then the dual frames of {f}%2, are precisely the
families

(o, = {S“fk +he- Z(S"fk»mha} ,
=1 k=1

where {hx}32, is a Bessel sequence in H.

(b) Show that if {fr}32, is a frame for H with frame o
l perator S,
{S~Y2f,}, is a Parseval frame for H. then

(c) What is the relation between Schauder bases and Riesz bases for H?
Justify your answer. .

s

[4 Marks]|

(4 Marks]|

1+7=
8 Marks]

[3 Marks|

3 Marks]

P

-_—

\



Your Roll Number: .................

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI
M.A./M Sc. Mathematics Examinations, May 2019
Part 1T Semester IV
MATH14 402(C): OPERATORS ON HARDY HILBERT SPACES

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the space provided at the top of this
page immediately on receipt of this question paper. e This question paper has
three sections. e Section A is compulsory.  Answer two questions from Section
B and two questions from Section C. e All symbols have usual meaning.

Section A (Attempt all parts; 2 x 7 marks = 14 marks)
(1) (a) Give an example of a closed subspace M of 12 such that M and M+
are infinite dimensional.

(b) Assuming that (% is isometrically isomorphic to H?(D) identify the
image of the element (1,a,0?,...,a"...) of 12 in H?(D) and show
that the function has no zeroes in D.

(c) Give an example of an operator on H?(D) that is invertible but not a
scalar multiple of an isometry.

(d) Give an example of a function in L? which is not in L>.

(e) Give an example of a non-constant inner function and a non-constant
outer function in H%(D).

(f) Give an example of a Toeplitz matrix that is not a bounded operator.

(g) Give an example of a bounded Hankel matrix.

Section B (Answer any two questions; 2 x 14 marks = 28 marks)

(2) (a) In the space H%(D) prove that every invariant subspace of the unilat-
eral shift S is of the form gH?(D), where ¢ is an inner function. Give
an example of two inner functions ¢, in H*(D) such that

¢H*(D) G yH*(D).

(b) (i) Show that S* has no reducing subspaces in H?(D) but I — $S* has
reducing subspaces in H*(D), where S is the unilateral shift.
(ii) Let O1,0; be outer functions in Hz(lD). Show that 0,07 is an
outer function in H(D).
(3) (a) (i) Show that the spectrum of the unilateral shift S on H*(D) is the
closed disk D. .
(i) Let f € H*°(T) such that f~! € H*®(T). Show that f is an outer
function.
(b) Prove that if 7" is a bounded operator in H?(D) such that TS = ST,
where S is the unilateral shift on H?(D). Then T = M, (multiplica-
tion by ¢) where ¢ € H*(DD).
(4) (a) Phn;tve that S? + S is irreducible on H?(D), where S is the unilateral
shift.
(b) If « € D (open unit disk) and My = {f € HXD) : f(a) = 0}.
Then show that M, is a closed subspace of H?(ID) invariant under the
unilateral shift S. Identify the inner function ¢ such that

M, = ¢H?(D).

[2 Marks|

2 Marks|

[2 Marks|

[2 Marks|
[2 Marks]

[2 Marks]
2 Marks]

(7 Marks]

(7 Marks|

[8 Marks|

[6 Marks|

(6 Marks]

(8 Marks]

—
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Section C (Answer any two questions; 2 x 14 marks = 28 mark§f) i
(5) (a) Prove that the operator T in B(H*(D)) is a Toeplitz ozpcrator if an
only if S*T'S = T, where S is the unilateral shift on H?*(D).
(b) If . € L™ and T}, Ty are the corresponding Toeplitz operator
H? and S is the unilateral shift on H?, then

S*TyTyS - TyTy = P(e™ %) ® P(e™9),
. 2
where P is the orthogonal projection (analytic) from L? to H*.

(6) (a) If H is a Hankel operator on H?, then show that H*(f*) = (Hf)"
(b) Show that for all ¢ € L*®
essential range ¢ = II(Mp) = o(Mp).
(7) (a) Let ¢ and 9 be in L™ and suppose that Hy # 0. If HyHy = HyHy,
then prove that there exists a complex number c such that Hg =.CH¢-
(b) For every ¢ € L, show that Hy = Hy». Furthermore show if Hy
is self-adjoint, then there exists 3 € L™ such that ¥ = ¥* a.e. and
Hy = Hy,

s on

6 Marks]

8 Marks|

(7 Marks|
(7 Marks|

(6 Marks]

(8 Marks|
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DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI
M.A./M.Sc. Mathematics Examinations, May 2019
Part 11 Semester IV
MATH14 403(A): CALCULUS ON R

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the space provided at the top of
this page immediately on receipt of this question paper ® Question No. 1 of
Section A is compulsory. Attempt any Two questions from Section B and
any Two questions from Section C. Unless otherwise mentioned, U will be

an open subset of R".

Section A

(1) (a) Let f:U—>R,a€ U such that limh_.of(“—J'l'l‘T)"_—f—@ exists. Then is

f differentiable at a ? Justify.

(b) Give an example to show that the analog of Lagrange’s mean value
theorem does not hold for vector valued functions.

(c) Ifa €R™ and f(z) =2+, T € R", show that f is a composition
of primitive mappings.

(d) IfI'={1,4,6} and J = {2,3,5,8} are increasing indices, find a so
that d.’L‘I /_\ d.’L'_] = (—1)“(1.’1:[1']].

(¢) Suppose o and § are k- and m-forms, respectively, of class.C! in
U. If o is closed and 3 is exact, show that a A B is also exact.
is a 1-form in R? with f : RZ = R being a function, of class
C>® and & = 0, + 07 is a 2-chain in R? with o, = [0,€1, €] and

€y = [61 + 62,82,6[].

(f) State Stokes’ theorem and verify it for the case wherew = f (z.v)dy

Section B
(Answer any TWO questions)

(2) (a) Suppose a € U and f: U — R is such that for 1 < j < n, Dif
exist and are continuous in a neighborhood of a. Show that f is

differentiable at a.

(b) Give an example with justification to show that the existence of
all directional derivatives at a point a is not enough to guarantee
the differentiability at a.

(c) On R? define g(z,y) = (ze®, 2ye®) and flz,y) = (2z - y* 3+
2y, zy + 7). Show that g hes a local inverse of class C*® in &
neighbourhood of (0,1) and compute D(fog™) at (0.2).

(3) (a) Let © be open in Rk+", f: © — R™ be of class C7, where any
element of () is expressed as (z,y), with z € R and y € R*. If
(a,b) € Q is such that f(a,b) = 0 and det %y[(a, b) # 0, then show

[2 Marks]
[2 Marks]
[2 Marks]
[1 Marks]

[2 Marks|

[1+4 Marks]|

[6 Marks]

[4 Marks]

(4 Marks]
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. ; ction
that there is a neighbourhood V of a in R* and a unique fun

:)) = 0 for
¢ :V = R" of class C" such that ¢(a) = b and f(z, ¢(2)) 0t
allz e V.

(b) Suppose I* is a k-cell and f € C(I*;R). Assuming t}éa';sf’,:o{
exists as an iterated integral, show that the deﬁmtl'on ot
depend on the order in which the k integrals are carried out.

k ) R).
(4) (&) Let C(G,T) S {-T €ER" : ”a - x"oo < 7'} and f eC (C(aa'rl)lv Eﬁi_
State and prove the Taylor’s formula for f of order k wit
grange’s remainder.

(b) State and prove the existence theorem for partition of unity.

(c) Ifa € U and G is a differentiable primitive map on U, derive
condition under which G'(a) is invertible.

Section C :
(Answer any TWO questions)

(5) (a) State the change of variables theorem and prove it only for the
case where the transformation T is a primitive C'-mapping.

(b) What do you mean by a k-form in U? What happens if n < k ?
Justify.

(c)Let T:U — R™ be a C?-map and w be a k-form of class C? in
R™. Then prove that d(wr) = (dw)r.

(6) (a) Explain the concept of positively oriented boundary of a set E =
- T(Q"), where T € C'(Q™R™) is one-to-one and det Jr > 0.
(b) Suppose V ¢ R™ and W C Re

are open sets, T : U = V and
S:V 5 W are C1

maps and w is a k-form in W. Show that

(ws)r = wsr.

(c) Evaluate [, w, where w = zdz A dy A dz is a 3-form in R® and
®(r,u,v) = (rsinucosv,rsinusinv,rcosu) for (r,u,v) € D =
{(rnu,v):0<r< 2,0<u<sm0<n< 2},

(7) (a) Suppose k > 2 and ¢ = [Po, P, , Py is an oriented affine k-
simplex. Show that 8(dc) = 0.

(b) Let E be an open subset of R containing Q% k > 1 and ¢ —
[0,e1,€,- - vex]. For any (k — 1)-form A of class ! in E
that [, dA= [, A » prove

(c) For the 1-form w = F479Y — hade in R?\ {(0,0
pull back wr, where T(r,0) = (rcosd,rsin 9)
nate mapping.

)} compute the
15 the polar coordi-

X

8 Marks]

(6 Marks]

[14+5 Marks]
(145 Marks]

[2 Marks]

[1+5 Marks]|
[3 Marks]

[5 Marks]

[4 Marks|
[6 Marks)

[4 Marks|

(4 Marks]
8 Marks]

2 Marks|
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M.A./M.Sc. Mathematics Examinations, May 2019
Part 11 Semester IV
MATH14 403(B): Differential Geometry

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the space provided at the top
of this page immediately on receipt of this question paper e Question No. 1
of Section A is compulsory. Attempt any Two from Section B and any
Two from Section C.

—~ Section A
®
(1) (a) Is the parametrized curve a(t) = (cost, sint,t) a geodesic on the
cylinder 2% + 32 =1 in R* ? Why ?
(b) Prove that the graph of a smooth function f: U — R, where U
is open in R", is an n-surface in R,
(c) Show that if o : I — R™*! is a parametrized curve with constant
speed then &(t) L &(t) for all t € I.
(d) Compute Vv f where f(z1, ;) = 2—x3, v = (1,1, cosb, sinf),n =
2.
(e) Compute the following line integral fa(l'gd.'lfl — 1,dT3), where
a(t) = (2cost, 2sint),0 < t < 2.
(f) Define cylinder over a given parametrized n-surface in Rk
Show that the cylinder over an n-surface is a parametrized (n+1)-
surface in RF+1,
~ Section B
e (Answer any TWO questions)

(2) (a) Let S = f~'(c) be an n-surface in R**! where f : U = Ris
such that Vf(q) # 0 for all ¢ € S. Suppose g : U = Ris a
smooth function and p € S is an extreme point of g on S. Show
that there is a real number \ such that Vg(p) = AV f(p). What
happen if S is compact 7 Determine the extreme values on the
unit circle S! in the plane of the function g : R* — R given by
g(z1,22) = 42% + 4z 29 + 23,

(b) Determine the integral curve at p = (0, 1) of the vector field
whose associated function is given by X (xy, x9) = (v, —21)
(c) Show that the covariant differentiation of a tangent vector field

D, X has the property
Vo(X-Y) = (Dy)X - Y(p) +X(p) (DvY(p)), where p is a point
in an n-surface S and v € S,.

(3 Marks|
2 Marks|
2 Marks|
2 Marks|

2 Marks|

[8 Marks]

[4 Marks]

[2 Marks]
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tly two
o in R there are exactly ¢
(3) (a) Show that in a connected n-surface in R"*' there ¢

unit normal vector ficlds. | i
surface in K

g in R™.

(b) Prove that for a compact connected n.rinnt,n(l n
spherical image is the whole of the unit n-sphere

; i8 ¢ ic in the unit n-

(4) (a) Show that a parametrized curve a 18 & geodesic T t at)e +
sphere in R™*1 if and only if it is of the form a(t) = (;Zn+1
(sinat)e; for some orthonormal vectors €; and ez in '

(b) Let a: I = S be a geodesic in a 2-surface 5 in R®. Provgfth:dt
a vector field X tangent to S along « is parallel .aloﬂg alla .
only if both || X || and the angle between X and & are constant.

Section C

2 _
(5) (a) Find global parametrization of the plane curve Tz —ary = ¢ and
determine its curvature.

(b) Define a 1-form w on an open set U C R™1. Prove that for each

1-form w on U there exist unique functions f; : U = R,
n+1

i € {1,.,n+1} such that w = Z fidz;.
i=1
(c) What are principal curvatures and principal curvature directions
at p on an n-surface S in R™!.

(6) (a) Let S be an n-surface in R"**, oriented by the unit normal vector
field N. Let p € S and v € S,. Show that for every parametrized
curve o : [ — S with &(tp) = v for some ¢, € I, we have

a-N(p) = L,(v)-v. Elaborate the result for different parametrized
curves with similar properties.

(b) Find the Gaussian curvature K : S — R, where S is elliptic
2

2
hyperboloid % - % —24=0.

(c) 2:;):; that the 1-form w = 2% — 7hadz on R?\ {0} is not

(7) (a) Define second fundamental form at a point p on an n-surface in
}fl"”, Prove that on a compact oriented n-surface S in Rn+!
there exists a point p such that the second fundan
e nental form at

(b) Let a > b > 0, for the parametrized torus in R o R2
deﬁned. by v(0,¢) = ((a + beose)cosh, (
determine the principal curvatures and t
K. Discuss the conditions K > 0,K <0

Y

— R3
@ + beose)sing, bsing)
he Gaussian curvatur

and K = €

5 Marks]

9 MarkS]

(6 Marks]

8 Marks]

[6 Marks]

6 Marks|

[2 Marks|

(6 Marks|

[4 Marks|

[4 Marks]

8 Marks]

[6 Marks]
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DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI
M.A./M.Sc. Mathematics Examinations, May 2019
Part 11 Semester IV
MATH14 403(C): TOPOLOGICAL DYNAMICS

Time: 3 hours Maximum Marks: 70

Instructions: e Write your roll number on the space provided at the top of this
page immediately on receipt of this question paper. @ This question paper has
three sections. e Section A is compulsory. e Answer any two questions from
Section B and any two questions from Section C.e All notations are standard.

Section A
011
(1) (a) Is the shift map o on X4 transitive for A= |1 1 1|7 Justify.
100

(b) Find suitable values of a, 3, c so that the logistic map f(z) = pz(l-z
is topologicaly conjugate to g(z) = 22 + ¢ via homeomorphism h(z) =
ar + B.

(c) For f:R — R defined by f (z) = z*, find stable and unstable sets of
the fixed point 0.

(d) Construct a generator for the right shift homeomorphism on X =
{{1- 1|n € N} under usual metric.

(e) Prove that f(z) = %z on [0,1] has POTP. Is f minimal also? Justify.

Section B (Answer any two questions)

(2) For a k x k matrix A with enteries in {0, 1}, prove the following:
(a) Xa is a closed subset of L.
(b) A is irreducible if and only if AV (A*A)...... V(Ax...xA)=J,
\-—_f_,
n—times
for some n € N.
(c) If A is irreducible, then its associated digraph is strongly connected.
(3) (a) Iff:R—oRisa C'- map and p is an attracting fixed point of f, then
prove that there exists an interval U about p such that if v € U, x # p,
then limu—o0 f™(Z) = p.
(b) Stating (only) necessary lemmas, prove Sarkovskii's Theorem.
(4) (a) Do the graphical analysis of the function f:R - Rgiven by f(x) =
—(z + %) and draw the phase portrait of the orbit of 1/2.
(b) Let X be a compact metric space and f: X — X be minimal, then
prove that w(z) = X, for each z € X.
(c) If f: X — X is an expansive homeomorphism with expansive con-
stant e, then prove that for all ¥ > 0, there exists N > 0 such that
(i) fH(We(z,d)) € Wy(f"(2),d)
(ii) [~ (W(z,d)) € Wy(f7"(2), d).

[3 Marks|

[3 Marks|

[3 Marks|
[3 Marks|

[2 Marks|

5 Marks|
5 Marks|

[4 Marks]|
[5 Marks|

[9 Marks]|
(4 Marks|
[5 Marks|

(5 Marks]|
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Section C (Answer any two questions)

(5) (a) If (X,d) is a compact metric space and f : X — X is an expans‘lve
homeomorphism, then prove that the set of points having converging
semi-orbits under f is a countable set.

(b) Prove that no simple closed curve admits an expansive homeomor-
phism.

(6) (a) Let (X,d) be a compact metric space and f : X — X be a homeo-
morphism. If for every ¢ > 0, there exists § > 0 such that for each
k > 0, every finite J-pseudo orbit {z; : 0 < i < k} is e-traced by some
point in X, then prove that f has POTP.

(b) Prove that the shift map o on XZ, where X is a compact metric
space, has POTP.

(7) (a) Let (X,d) beacompact metric space and f : X — X be an expansive
homeomorphism having POTP. Then prove that for every ¢ > 0, there
exists d > 0 such that for any homeomorphism g : X — X satisfying
d(f(z),9(z)) < 6, for each x € X, there exists a continuous map
h: X — X satisfying d(h(z),z) < ¢, foreachz € X and hog= foh

(b) If f is a topologically Anosov homeomorphism on a compact met-

ric space (X, d), then prove that f~! is also a topologically Anosov
homeomorphism on (X, d).

(5 Marks]

(9 Marks|

(6 Marks]

(8 Marks]

[9 Marks]

[5 Marks]|
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Instructions: ;\QTI(;\I , Maximum Marks: 70
questions from Sectiqy, B I Section A is compulsory. e Attempt any TWO
question carries 14 Mmarks azl(j\c each. e Attempt FIVE questions in all. Each

“7 ﬂ](‘. symbols have their usual meaning.

Section A
(Answer all parts, 14 Marks)

Describe the j
he internal energies of a perfect gas and a real gas.

(1) (a)
(b) Find the dj ;
it e ﬁlmensmn of medium porosity € in the equation of conti-
Y 1or the porous medium €2 = div(pD).

c) Write t )
(c) o dl'le Ma.xwell s electromagnetic field equation for the conduct-
& medium in rest and motion.

d) Deri N
(d) forertl}:,: lthe estimation for the dimensionless boundary layer thickness
aminar flow of a viscous fluid over a flat plate of length /.

(e) EXplain.geometrically the difference between the subsonic and the
supersonic flows.

Section B
(Answer any TWO questions, 28 Marks)

(2) (a) Write the mass, momentum and energy equation in integral and
differential equation form for one dimensional motion of an inviscid
gas and hence derive the corresponding shock conditions.

(b) Show that a small disturbance is propagated in an isentropic and
irrotational flow of a gas with a speed ag = ( %)5
(3) (a) Define normal and oblique shock wave. Prove that the shock wave
is compressive in nature.

(b) Define the compressibility. Calculate the isentropic compressibility
of an ideal gas in terms of speed of sound.

(c) Reduce the equation
-Vp - 5_17 +uV27 +p9 =0,
where ~ and 7 are medium permeability and acceleration due to

gravity, to non-dimensional form and obtain the relevant dimension-
)

less numbers.

(4) (a) Check whether th
an ideal gas are functions 0
for non-ideal gas with equat

(b) State the principle of coqservalt)ieon OEf P?ergé f%r i Ei?u)ld (ﬂé“} )Perive

the internal energy equation Ao, = e = : .
(c) Show that ¢, = Cv = —T(Q"—)g(%)q«. Also find the corresponding

f state or not. Derive entropy equation
; RT
ion of state p = =g

e heat added @ and entropy S per unit mass of

(2 Marks|

(4 Marks|

[3 Marks|

2 Marks]

9 Marks|

5 Marks]

[145 Marks|
[2+2 Marks]

[2+2 Marks]

[3+3 Marks]

(144 Marks|

[3 Marks|
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relation fq
T the :
Non-ideal gas with equation of state p(v — b) = RT

Section C

(Answ,
T any TWO questions, 28 Marks)

(5) (a) Show that
hat t
where V, i he MHD wave propagates with the speed (/a? + V7
418 Alfven's velocity | | )

(b) Derive the elpty:
under the Pr:—CI\t/InC and,magnet,ic field equation in a conducting fluid
(©) Define i axwell’s equation and explain them physically.
ne e .
Magnetic Reynolds number and explain it physically.

(d) Show that
nogligible inunder M.HD approximation the magnetic field energy is
Comparison to electric field energy.

(6) (a) aDpe?rlve th; equation of motion of a non-viscous conducting fluid
V\gtitei}ll)( V)T = f(ea) + £(H.V)H - V(p+ L) - FV.(p7).
ﬂuid' € corresponding equation for viscous and incompressible

(b) State and prove Alfven’s theorem.

(c) Define the displacement and momentum thickness of a boundary
layer and find the expression for each of them.

(7) (a) Derive the Prandtl’s boundary layer equations along with the bound-
ary conditions for two dimensional viscous incompressible fluid flow
over a slender body. Also write the corresponding equations for the

steady flow.

(b) Derive the von Karman’s momentum integral equation for steady,
two dimensional boundary layer flow of incompressible fluid.

(4 Marks|

5 Marks|

[2 Marks|
(3 Marks|

[3+2 Marks|

5 Marks]
[4 Marks|

(8 Marks|

6 Marks]
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Instructions: e Wrj
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Your roll number on the space provided at the top of this

page immediately on recej

\ \ ce : .
three sections. e Section lg‘t.Of this question paper. e This question paper has
Section B and Section C 18 compulsory. e Attempt any two questions from
allowed each. e Non-programmable scientific calculators are

SECTION A (Attempt all) (14 marks)

(1) (i) Consider t :
subset sfr R}}: following problem posed in a domain €2, an open bounded

—Au(r) = f(x)
u(z) =0, z €09

with f € C°(Q) and A = Zila—a}. Derive weak formulation of the

i

above problem.

Leap Frog scheme for the numerical

(i) State true or false and justify:
litionally stable.

solution of one dimensional parabolic PDE is unconc
(i) Explain with an example the fact that satisfyiug CFL condition is not
a sufficient condition for the convergence of a finite difference scheme

~associated with a PDE.

(iv) Derive point iteration matrix of Gauss Seidel iterative scheme.

(v) Construct Crank-Nicolson scheme for the numerical solution of three
dimensional parabolic PDE with Dirichlet boundary conditions.

SECTION B (Attempt any two) (28 marks)
(2) (a) Consider the problem
w(z.t) = up () = flet), O< < 1
| t>0.

u(z,0) =0, w(0,t) = u(l,t) =0,
1 linear basis elemen

i ethod with linear basl§ elem for s

Apf'ly tﬁ g;tzzfrgzglz\:;rd Euler scheme for time discretization.

cretizati 4

the global assembly matrix

ts for space dis-

Find

(b) Consider the problem
=1, in

(9N}

(%

-1
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Apply finite element technique using triangy|ar elements and piecewise
linear polynomial functions as basis to obtain the resulting system O
algebraic equations. ) '

(3) (a) Consider the initial value problem
Ut = V(Uzz +uy), T, yER=(0,1) x (0,1), t >0
w(z,y,0) = f(z,y), z,y € OR.

Derive Douglas- Rachford scheme for the numerical solution of the
above problem and discuss its consistency.

(b) Show that the BTCS scheme for the numerical solution of the partial
differential equation

Uy = I/(Uzz + Uyy + UZZ)

with appropriate dirichlet boundary conditions is of the O(At+(Az)*+
(Ay)® + (Az)?).

(4) (a) Consider an application of  method to approximate the equation

. ) 2 .
U = Uz, With choice § = % + %. Show that the resulting scheme is

unconditionally stable and has a truncation error which is O((At)? +
(Ax)?).
(b) Consider the problem
U =Upp; 0< <1, t>0
with boundary and initial conditions given by
u(1,t)
2 A
-Solve the above problem by Crank-Nicolson Scheme, employing central-

difference for the boundary conditions and taking Az = 0.25. At = 0.2
for one time level.

u(0,1) =0, wu(1,t)=

1
1.

I/\

t>0, u{z,0)=2z(1-2),0<z

SECTION C (Attempt any two) (28 marks)

(5) (a) Solve the mixed boundary value problem

Uzr T Uy, =0, 0<2,y<1
w(z.0) =22, u(z.1)=2r-1, 0<r <
and (uz +u)(0,y) =2-y, u(l,y) =2-y, 0<y <1,
using Laplace five point formula with Az = Ay = 1/3.

(b) Analyze the difference scheme

2
R R . Ry. . My _ At alt
?:l = ;l'k - ’2—1(51;011,}1,“ + —2£6iu;lk: — 7”51,0114;/‘. + ?JU u’_")'l’\" RA" - Ay Ry = Ty

for consistency when applied to the problem
w + auy + buy, =0, v(z,y,0) = f(z,y).

(8]
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(6) (a) Dey
‘ erive |,
_ ' Necesgary . e
lt.emtivol Ssary ang sufficient conditions for the

net} convergence of an (6]
1ethod
of the form d fc

T the solution of the system of algebraic equations

= 0.2 € 0.2 with boundary condition u(0.7) = (8]
T <

2-12,] ;x <o using FTFS scheme with Az = 1/2, At =1/4
0, 2> 2, )
Upto two tiye level.

(7) (a) When do we say reme satisfy CFL condition? For the linear a
advection equatio

CFL o D Ut+au, =0, where a is a positive constant, discuss
condition apq stability results for the scheme
n+l __ n
Uk = Qugy + Buf 4 YU,

that a sct

where o, 8. 7 are positive constants.

(b) Consider

Fu 10u 92y

o o T aa = fna)
in the region [0 < < R]
conditions

an

x[0<z< c| subject to the boundary

u
or

Derive a five point difference scheme for the numerical solution of the
above problem.

(0,2) =0, u(R, z) = g(2), u(r,0) = f(r), u(r,c) = h(r).

(c) Use method of characteristics to solve the following PDE

ou ou
2 42 = (4t
T T et

(V]
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Instructions: e Wy;
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immediately on recej tymlf roll number on the space provided at the top of this page
any tWo questions ﬁD of‘t.hls question paper  Section A is compulsory e Attempt
M Section B o Attempt any two questions from Section C

Section A
(1) (a) Descri . <l
1) (&) Describe the Separatrices for the linear system 3 Marks|
13'1 =T+ 2.’62
Ty = 31y + 4y,
(1) Compute the derivative of the following function (3 Marks|
T+ 2,72
Tr) =
/() [—:{:2+x§+zf '
(i) Fil}d the zeros of the above function and evaluate D f(z) at these
points.
(iif) F02r the function f: R? — R? defined in part (i) above. compute
D*f(xo)(z.y), where zo = (0,1) is a zero of f.
(c) State Sotomayor Theorem. 4 Marks]
(d) Define t‘ge following terms: nondegenerate critical point, Hamiltonian 4 Marks)
system with n degrees of freedom, gradient system, and an attracting
set.
Section B
(Attempt any two questions)
(2) (a) State and prove the Hartman-Grobman Theorem. 10 Marks|
(b) Solve the forced harmonic oscillator problem 4 Marks|
Z+z=f(t)
(3) (a) Classify the equilibrium points of the Lorenz equation & = f(x) with [6 Marks]
Zrg — Iy
f(];) = |UTy — Ty — T T3
TyTy — Ty
for 4 > 0. At what value of the parameter do two new equilibrium
points “bifurcate” from the equilibrium point at the origin?
(b) Solve the initial value problem & = Ax, ©(0) = xo with the matrix 5 Marks|
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c
(¢) Construct the phase portrait for the undamped pendulum

i + sin(z) = 0.

(4) (a) Find the Poincaré map of the system
&= —y+z(1-2°—9")
g=a+y(l-2* -9
(b) Determine the stability of the system using Lyapunov function

.’1:1 e —2I2 + x2x2
Ty =T1 — 123

1‘:3 =T1Z2.

(c) Classify the equilibrium points (as sinks, sources or saddles) of the

nonlinear system & = f(z) with
_ T, — T1T2
=[]

Section C
(Attempt any two questions)

(5) (a) State and prove Conservation of Energy.

(b) If the origin is a focus of the Hamiltonian system
& = Hy(z, y)
g = —Hz(®Y):
is not 2 strict local maximum OF minimum of the Hamil-
H(z,Y)-
¢ manifold near the ori

then the origin

tonian function
gin of the system

(c) Determine the cente

;13.1=372+y
1‘2=y+.’rf
y:—y+x§+zly.

tion value Consider the one—dimensional system
ca :

ifur
(6) (a) Define bi 3
= /A.T - -
' ifurcation value for this different;
. " oints ant the bl . rential
Determin€ the cr?}i(;al p o portraits for various values of the parameter
W

equatiol e pifurcation diagrarm

7} and draw

(6 Marks]’

[5M arks]

-

3M arks|

[3 Marks]
[4 Marks]

-

(7 Marks]

6 M‘drks]
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hat the continuous “R? — R? dofi
ghow tha ontinuous map I R* = R? defined 1y

(h) .
I
o= [, 4]

; ; -1 2
< a continuous inverse H' : R — R2 .
ha and that nonlinear system

“”=L+4

rmed into the linear system & = Az with A = Df(0) under thi
= der this

is transfo
= H(x), show that y = Ay.

map, -6 ify
¢ Determine the flow

(c)
where B
=]

and invariant set of the nonlinear system z = f(z)

Sketch the flow for the linear system & = Az with

(7 (@ ' 1
[

(b) Write the following system in polar coordinates and determine the na-

ture of origin
p=—y-1 -1y

j=c-y -7V

(c) Find the stable, unstable and center subspaces E°, E* and E° of the
ith the matrix

system £ = Az wi
0 0
-0
(d) Determine the stable manifold S and unstable manifold U for the non-
linear system

r=—0 —‘I%, T =1‘2+I%.

(5 Marks|

(3 Marks|

[3 Marks|

3 Marks|

3 Marks|

/5 Marks|
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: TIMIZATION TECHNIQUES AND CONTROIL THEORY

Time: 3 hours
Maximum Marks: 70

Instructions: ® Wri

nmediately on re?etie tyour r_oll number on the space provided at the top of this page

\ Section A is compfls ;)rf this Euestion paper. ¢ This question paper has three sections.
: y. o Answer two questions from Section B and tw i

from Section C.e All symbols have usual meaning. 0 questions

S.ection A (Attempt all parts; 2 x 7 marks = 14 marks)
(1) (a) Give an economic interpretation of conjugate functions.
(b) Find the subdifferential of the function f(z) = ¢ on R at z = 0.
(c) Is the sum of two proper functions also a proper function? Justify.
(d) Use Nezvvton’g method to minimize the function f(z, y) = 2 —2xy+2y>—z+2
over R? starting from the point z = (0,0).
(e) If ¢(z,w) is a closed proper convex function de
that ¥(0) = — c1®(0).
(f) State Bellman’s principle of optimality.
(g) When is a control variable said to be admissible?

fined on R™¥, then prove

2 x 14 marks = 28 marks)

function and = € R" be a point
€ R" is a subgradient of f
Also, prove that

Section B (Answer any two questions;
(2) (a) Let f : R"® — R U {+oo0} be a convex
such that f(x) is finite. Prove that a vector §

at z if and only if Dt f(z,y) 2 €Ty, for every y € R™.

fly) - flz) > DT flzy ~ z) for every y € R™.

(b) Let f be a real valued differentiable function defined on an open interval

D C R. Prove that the first derivative flisa nondecreasing function on D

if and only if f is convex on D. What will be the corresponding statement

for a differentiable function defined on R™?
(c) Find the support function of the set C =[-1, 1 x [-1,1 ¢ R%.

jon f defined on R" is a convex

(3) (a) Prove that the conjugate of a convex funct X
e function f(x) =%

function and f** = ¢l f. Also, find the conjugate of th

defined on R. .
(b) Find the dual problem (Dy*) where ¢ RxR - RU {+oo} is
r+w, if 22 =w,

dla,w) = 400, if 22 # w.

P,) stable and normal? Justify. ‘ .
Lagrangian function Lz, ) corresponding t0 the pnn?al
R" for any fixed A and concave in A € R™ for

Is the problem (

(4) (a) Prove that the
problem (Py) i8 convex in T €
fixed z.

2 Marks
2 Marks|
12 Marks|
12 Marks|

2 Marks|

[2 Marks’
[2 Marks

[T Marks|

(7 Marks]
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(b) If 2* € R” is a solution of the following problem (gp 7 Mafksl
Min f(a-) )
. subject to g(z) > 0,i=19
Where [, —gi are proper convex functions on R» then B 3P) i
ble if and only if there exists A* € R™ gych t,h,,..; A? [;mva t..hm, (.sP) 4 s'ta:
1,..m and (2*,A*) is a saddle point of Lagmngia:n t2 0 Naa) = 0=

Section C (Answer any two ;
questions; 2 x 14 mark
(5) (a) In the steepest-des inimizi v 28 marks) MarkS]
. ] p cent method for minimizing 4 convex quadratic function 6

q ) = %(Q];,na:) = (b,x) + a where Q is n x n Symmetric positive definite
matrix, 6 € R", a € R, prove that the optimalit, i
$. y gaj E = - ngrrq
Qec§eases at a geometric rate E(zk41) < ( :T:i)? (z:) wﬁ? q.(zgh::o:di-
tion number of the matrix Q. e

(b) Use improved conjugate gradient method to find the critica] points of (6 Marks}/

(21, 22) = 323 + 22129 + 92 _
starting from the point (0, 0). 2 =2z +

(c) Give the steps of the algorithm used in the gradient projection method. (2 Marks|

(6) (a) There are n machines which can do two jobs. If z of them do the first [7 Marks]
job, then they produce goods worth 9(z) = 4z and if y of them do the
second job then they produce goods worth h(y) = 5y. Machines are subject
to depreciation so that after doing the first job only a(z) = % machines
remain available and after doing the second job only b(y) = % machines

remain available in the beginning of second year. If the process is repeated
with the remaining machines, obtain the maximum total return after 3 years
and find the optimal policy in each year.

(b) A vessel is to be loaded with stocks of 3 items. Each unit of item i has a [7 Marks]
weight w; and value v;. The maximum cargo weight the vessel can load is
5 and details of the three items are tabulate below. Find the most valuable
cargo load without exceeding the maximum cargo weight by using dynamic
programming approach.

-~
Towp ~
1 1 35
2 3 105
3 2 75

(7) (a) Solve the following control problem
Max fot' (z? + 42)dt
subject to z;(0) = 0,22(0) = 1,1(t) = za(t).
i timal control problem -
(b) Consider the op Max J(u) = [i I(t,2,u)dt + F(t1,1) [7 Marks]
subject to & = f(t,z,u)
where to, z(to) = o are given and (t,z(t)) € I' at t = t1. Using principle of
imbedding derive Bellman’s equation under appropriate Condltlons:
(c) State Pontryagin’s maximum principle for the control problem considered ip

2M
Q 7.(b). il

(5 Marks]
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