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(1)

(a) Prove that the homotopy relation on the set of all continuous
maps of a space X into a space Y is an equivalence relation.
Deduce that composites of homotopic maps are homotopic.

(b) Show that a continuous map f : S™ — Y is null homotopic if and
only if f can be continuously extended to the disc D"

(a) Let A be deformation retract of X. Show that A is homotopically
equivalent to X. Give example of spaces which are homotopically
equivalent but not deformation retract.

(b) Prove that an open interval can never be a retract of real line.

(c) Show that the contractible spaces are connected.

(a) If ¢ : X — Y is a homotopy equivalence then show that for any
o € X, ¢y 1 m (X, x0) = m (Y, ¢(20)) is an isomorphism.

(b) State and prove the fundamental theorem of algebra.

(c) Give an example that continuous image of a contractible space
need not be contractible.

(a) Define the degree of a loop f in S! based at 1. Show that the
function [f] + deg f is an isomorphism of m;(S!,1) onto the
group Z of integers.

(b) Define covering map. ‘Show that the exponential map p : R — St
defined by p(t) = e*™ is a covering map.

(a) Let X be locally path connected. Show that a continuous map
p: X — X is a covering map iff for each path component C' of
X, pl, :p~1(C) — C is a covering map.
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(b) Let p : X — X be a covering map, and f : I — X be a path
with origin zg. If o € p~!(x¢) then show that there exists unique

path f: I — X with pf = f and f(0) = Z,.

a) Prove that there is no continuous ma - S? = S' such that
p
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f(—z) = —f(z) for all x € S?. Hence, or otherwise prove the
Borsuk Ulam theorem.

Let p : X — X be a T-sheeted covering map. If X is simply
connected then prove that m1(X, zq) = Z;.

Define universal covering space of X. Justify the term universal.

Let p; : )N(Z — X, i =1, 2 be covering maps, and suppose that
I € )~(1, Iy € )N(Q and p1(Z1) = pa(Z2). Show that there exists a
homeomorphism 5 : X 1 — )~(2 such that hy(Z1) = %5 if and only
if plﬁ(m()?l, T1))= pa,(m ()?2, T9)). (Assume that all spaces are
path connected and locally path connected)

Let p : X > Xbea covering map and = € X. Show that the
group of deck transformations A(p) is isomorphic to

N(pym(X,))/pypm (X, 7)
where N (pumi (X, %)) is the normaliser of pum (X, # in m (X, p(Z)).
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