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(1) (a) Show that the space I*° is complete.

(b) Prove that every finite dimensional subspace Y of a normed space X
is complete.

(c) In a finite dimensional normed space X, show that any subset M C
X is compact iff M is closed and bounded.

(2) (a) Let T:D(T) — Y be a linear operator, where D(T') C X and X,Y
are normed spaces. Then prove that T is continuous if and only if T’
is bounded.

(b) If X is a normed space and Y is a Banach space then show that
B(X,Y) is a Banach space.

(c) Define bounded linear functional and give an example of it.
(3) (a) If Y is a closed subspace of a Hilbert space H, then prove that
Y =Y+
(b) State and prove the Riesz representation theorem for bounded sesquilin-
ear form.
(4) (a) Show that dual space of the space [? is [%.

(b) Let X be an inner product space and T': X — X an isometric linear
operator. If dim X < oo, show that T is unitary.

(c) State and prove Hahn-Banach theorem for normed spaces.
(5) (a) If the dual space X’ of a normed space X is separable, then show
that X itself separable.

(b) If in a normed space X, the closed unit ball M = {z : ||z|| < 1} is
compact, then prove that X is finite dimensional.

(c) State open mapping theorem.

(6) (a) Let X and Y be Banach spaces and T : D(T) C X — Y a closed
linear operator. Then if D(T) is closed in X, show that the operator
T is bounded.

(b) If Y is a closed subspace of a Hilbert space H, then show that H =
Yevt
M

[6 Marks]
[4 Marks]

[4 Marks]

[5 Marks|

[6 Marks|

[3 Marks|

[7 Marks|

[7 Marks|

[4 Marks|
[5 Marks|

[5 Marks]

[6 Marks]
[6 Marks]

[2 Marks]

[7 Marks]

[7 Marks|



