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any four questions from the remaining questions e Each question carries 14 marks.

(1) (a) Define a linear functional and the variation of a functional.

(b) Solve the integro-differential equation

o)+ [ Vg 0t = ¢ 0(0) = 5(0) =0
0
(c) Find the iterated kernel of K(x,t) =2 —t,a =0,b= 1.

(d) Solve [ ¢(t)/(x — t)3dt = x + x2, by using method of Laplace transfor-
mation.

(e) Solve ¢(x) =sinz + A fog sin z cos to(t)dt

(2) (a) Prove that for boundary value problem
e +pt)y +qt)y = 0, 0<t<1l 0<e<<l1
yO0) =, y(1) = b

where p and ¢ are continuous functions on 0 < ¢ < 1 and p(t) > 0 for
0 <t < 1, there exist a boundary layer at £ = 0 with inner and outer
approximations given by

BY

_p(0)

yz(t) :Cl+(a—01)€ e

it oo [ 100,
e, v ([ 4).

(b) Discuss the regular perturbation method using spring-mass oscillator where
a mass m is connected to a spring whose restoring force has magnitude
ky+ay?, y is the replacement of the mass, measured positively from equilib-
rium, k and a are positive constants characterizing the stiffness properties
of the spring.

where

(3) (a) Show that the integral equation ¢(x) x)+-= f sin(x+t)¢p(t)dt possess
no solution for f(x) = x, but it possesses mﬁmtely many solutions when
f() = 1.

(b) Show that if a(x) and f(x) are continuous in [a, b] and if
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b
[ a@hiz) + 8@ )ds =0
for every function h(z) € D;(a,b) such that h(a) = h(b) = 0, then B(x)is
differentiable and f'(z) = a(x),Vx € [a, b].

(c) Prove that the differential of a differentiable functional is unique.

(4) (a) Show that the solution of the non-homogeneous volterra’s integral equation
of second kind is

o) = f(a) + A / "R, N f(1)dt

where R(x, t; ) =Y 02 A" K (x, ).
(b) With the help of the resolvent kernel, solve
*(2+cosw
= e”si —_— t)dt.
(c) Construct the resolvent kernel of K(x,t) = e**', a =0,b= 1.

(5) (a) If F(z,y,z) is a function with continuous first and second (partial) deriva-
tives with respect to all its arguments then, among all functions y(x) which
are continuously differentiable for ¢ < z < b and satisfy the boundary
conditions y(a) = A,y(b) = B, find the function for which the functional

Jly] = f; F(z,y,y')dr has a weak extremum.

(b) Find the eigen values and eigen functions of the homogeneous integral
equation ¢(x) = cosx + A [ sin(z — t)¢(t)dt.

(c) Show that the function ¢(x) = xe” is a solution of the volterra integral
equation ¢(x) = sinz + 2 fo% cos(x — t)o(t)dt.

(6) (a) Discuss the Stability and Population Dynamics along with its Bifurcation.
(b) Using the recursion relation, find the resolvent kernel and solve the integral
equation ¢(z) =z + A fol (4ot — 2?)p(t)dt, where X = 1.

(c) Solve ¢(z) = 1+ [, (z — t)¢(t)dt by using the method of successive ap-
proximation.

(7) (a) Show that the function ¢(x) = sin & is a solution of Fredholm-type integral
equation ¢(r) = § + %2 f01 K(z,t)p(t)dt where
D <<t
K(z,t) = 25 - T .
(Q?a ) {t(22—m) t<zr<1

9

(b) Solve the integral equation ¢(z) = sinha — [ cosh(z — t)$(t)dt by using
method of Laplace transformation.
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