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(1) (a) Define convex function. Show that a function f : [a, b] → R is [5 Marks]
convex if and only if, for a ≤ x < u < y ≤ b,

f(u)− f(x)

u− x
≤ f(y)− f(u)

y − u
.

(b) Let a < b and let G be the vertical strip G = {x+iy : a < x < b}. [7 Marks]
Suppose that f : G → C is continuous, f is analytic in G and
|f(z)| < B for all z ∈ G. If |f(z)| ≤ 1 for all z ∈ ∂G then show
that |f(z)| ≤ 1 for all z ∈ G and that the function

M(x) := sup{|f(x+ iy)| : −∞ < y <∞}

defined on [a, b] is logarithmically convex.

(c) State Hadamard three circles theorem. [2 Marks]

(2) (a) State and prove Phragmen-Lindelöf Theorem. [6 Marks]

(b) Show that a sequence {fn} in (C(G,Ω), ρ) converges to f if and [4 Marks]
only if {fn} converges to f uniformly on all compact subsets
of G.

(c) If F ⊂ C(G,Ω) is normal, show that it is equicontinuous at each [4 Marks]
point of G.

(3) (a) If a sequence {fn} inH(G) converges to a function f in (C(G,Ω), ρ), [7 Marks]

show that f is analytic and that f
(k)
n −→ f (k) for each integer

k ≥ 1. Deduce that the mapping from H(G) into H(G) given by
f −→ f

′
is continuous.

(b) Define locally bounded set in H(G). Show that a set F ⊂ H(G) [7 Marks]
is normal if and only if it is locally bounded.

(4) (a) State and prove the Riemann Mapping Theorem. [14 Marks]

(5) (a) Define the gamma function Γ(z). Suppose f is a function defined [6 Marks]
on the interval (0,∞) such that f(x) > 0 for all x > 0 with the
following properties:

(i) log f(x) is a convex function,
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(ii) f(x+ 1) = xf(x) for all x,

(iii) f(1) = 1.
Show that f(x) = Γ(x) for all x.

(b) Write a note on Riemann Hypothesis. [3 Marks]

(c) Define the Riemann zeta function ξ(z). Prove Euler’s Theorem: [5 Marks]
if Rez > 1 then

ξ(z) =
∞∏
n=1

1

1− p−zn
where {pn} is the sequence of prime numbers.

(6) (a) Let γ be a rectifiable curve and let K be a compact set such that [5 Marks]
K ∩ {γ} = φ. If f is continuous on {γ} and ε > 0, show that
there is a rational function R(z) having all its poles on {γ} such
that ∣∣∣∫

γ

f(ω)

ω − z
dω −R(z)

∣∣∣ < ε

for all z ∈ K.
(b) Show that the complex plane C and the unit disk D are homeo- [2 Marks]

morphic.

(c) State and prove Mittag-Leffler’s Theorem. [7 Marks]

(7) (a) Show that a harmonic function on an open set G has the mean [3 Marks]
value property (MVP).

(b) Show that if u is harmonic function then so are [3 Marks]

ux =
∂u

∂x
and uy =

∂u

∂y

(c) What do you mean by Dirichlet Problem? Show that Dirichlet [8 Marks]
Problem can be solved for the unit disk.

(8) (a) Define the Poisson kernel Pr(θ) for 0 ≤ r ≤ 1 and −∞ < θ <∞. [3 Marks]
Show that

1

2π

∫ π

−π
Pr(θ) = 1

(b) Define Green’s function of a region G with singularity at a ∈ G. [11 Marks]
Prove the following:

(i) If it exists, Green’s function is positive and unique.

(ii) There is no Green’s function in the complex plane with
singularity at zero.

(iii) If G is a bounded Dirichlet Region, then there is a Green’s
function on G with singularity at a ∈ G for each a in G.
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