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questions in all by choosing 3 questions from Section A and 2 questions from
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Section A
(Answer any Three questions)

(1)

a) Show that the zeros of an analytic function are isolated.

b) Evaluate [ 02 dz, where (t) = ' 0 < ¢ < 2.

(a)

(b)

(c) Show that a Mobius transformation takes circles onto circles.
(d) Define a branch of logarithm. If G C C is open and connected

and f is a branch of logz on G then show that the totality of
branches of log z are the functions f(z) + 27ki, k € Z.

(2) (a) Let G be a region and f an analytic function on G. Suppose
there is a constant M such that limsup,_,|f(z)] < M for all
a € 05G. Show that |f(z)] < M for all z in G.

(b) Let z = a be an isolated singularity of f. Prove that z = a is a
removable singularity if and only if lim,,,(z — a) f(z) = 0.
(c) Let
2?2 —4
/(=) = 22 +52+4
Give the Laurent expansion of f(z) in each of the following an-
nuli: (i) ann(0;1,4) (ii) ann(0; 4, c0).

(3) (a) State and prove the Residue theorem.
(b) Evaluate [;°=2Zdy.

(4) (a) State orientation principle for Mobius transformations. Use it to
find an analytic function f : G — C, where G = {z : Rez < 0},
such that f(G) = D, and D = {z: |z| < 1}.

(b) Show that a Mobius transformation can have at most two fixed
point. If z5, 23, 24 are distinct points in C,, and ws, w3, wy are
also distinct points of C,,, then show that there is one and only
one Mobius transformation S such that Szo = ws, Sz3 = ws,
SZ4 = Wy4.
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c) Let G be a region and f : G — C an analytic function. If
(c) g y
{z € G : f(z) = 0} has a limit point in G then show that there
is a point @ € G such that £ (a) = 0 for each n > 0.

Section B
(Answer any Two questions)

(5) (a) Prove that every analytic function in a simply connected region
has a primitive.

(b) State and prove the Casorati-Weierstrass Theorem.

(c) Let p(z) be a polynomial of degree n and let R > 0 be sufficiently
large so that p never vanishes in {z : |z| > R}. If y(t) = Re",
0 <t < 2m, show that

/p (Z)dz = 2min.
”

p(2)

(6) (a) Let G be an open set and let f : G — C be a differentiable
function. Show that f is analytic on G.

(b) Let vy and 77 be two rectifiable curves in G from a to b which are
fixed-end-point (FEP) homotopic. Show that for any function f

analytic in G, f% f= f% f

(c) Let G be a region and suppose that f : G — C is analytic such
that f(G) is a subset of a circle. Show that f is constant.

(7) (a) Let v be a rectifiable curve and suppose ¢ is a function defined
and continuous on {~}. For each m > 1, let

F(2) :/—go(w) —dw
vy (U) - Z)
for z ¢ {~}. Show that each F,, is analytic on C — {7} and
Fl (2) = mFu,1(2).
(b) State and prove Schwarz’s Lemma.

(c) Let D = {2z :|z] < 1}. Let f: DD — D be analytic and |f(2)| <1
for z € D. Let g : D — D is defined by

L FED - O
9 =T 0y
Prove that, for z € D,
FOL =2l _ - O+
o = VO S TR

e
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