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(1) (a) For f ∈ L1(T) and δ > 0, determine lim
n→∞

∫ π

δ

f(t)Dn(t) dt, Dn(t) [3 Marks]

being the Dirichlet kernel.

(b) Let f(t) =

{
e−t if t ∈ [0,∞),
0 otherwise.

Compute f̂(y), y ∈ R and show [4 Marks]

that f̂ /∈ L1(R).

(c) Show that L1(G) has left approximate identity, G being a locally [4 Marks]
compact Hausdorff topological group having left Haar measure.

(d) Let G = R ∼ {0} be the multiplicative group. Find the left and [3 Marks]

right Haar measure of A = [1, 3] ∼
{

2,
5

2

}
.

(2) (a) If f ∈ L1(R), show that f̂ is a continuous function that vanishes [5 Marks]
at infinity.

(b) Show that for f ∈ L1(T), the sequence of partial sum of the [5 Marks]
Fourier series of f at t0 ∈ T converges to s if and only if

lim
N→∞

∫ δ

0

[f(t0+t)+f(t0 − t)−2s]DN(t) dt=0, (δ > 0),

DN(t) being the Dirichlet kernel.

(c) Define Poisson kernel and show that it is summability kernel. [4 Marks]

(3) (a) Define Fejer kernel on T and show that it is an approximate [5 Marks]
identity.

(b) Let f ∈ L1(T) be such that f̂(n) = 0 for all n ∈ Z. Show that [4 Marks]
f = 0 a.e.

(c) Show that there exists a function in L1(T) whose Fourier series [5 Marks]
diverges.
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(4) (a) Let f(t) =

{
1 if − π ≤ t ≤ π,
0 otherwise.

Verify Riemann Lebesgue lemma [5 Marks]

for functions in L1(R).

(b) For f ∈ L1(R), define F (x) =

∫ x

−∞
f(t) dt. If F ∈ L1(R), show [4 Marks]

that

F̂ (ξ) =
1

iξ
f̂(ξ), ξ 6= 0, ξ ∈ R.

(c) Let {Kλ} be a family of continuous functions on R which is a [5 Marks]
summability kernel. Show that {Kλ} is a bounded approximate
identity.

(5) (a) Let f ∈ L1(R) with f̂ ∈ L1(R). Show that [4 Marks]∫
R
f̂(ξ)eiξxdξ = f(x) a.e.

(b) Define Fejer kernel on R. Show that it is a summability kernel. [5 Marks]

(c) Let f be a continuous function with compact support on R. Show [5 Marks]
that

‖f‖2 = ‖f̂‖2.

(6) (a) Let f ∈ L1(G) and g ∈ L∞(G). Show that the convolution f ∗ g [5 Marks]
exists and is bounded and uniformly continuous function.

(b) Let G be a locally compact abelian group. Show that the map [5 Marks]

Ĝ→ (L1(G))̂ defined by r → hr, where hr(f) =

∫
G

f(x)r(x) dx

is a well-defined map of the dual group of G onto maximal ideal
space of L1(G).

(c) Define ∆-topology and P -topology on the character group of an [4 Marks]
abelian locally compact T2 group. Show that these topologies
are equal.

(7) (a) Find the left Haar integral of a discrete infinite group. [4 Marks]

(b) Let G be a locally compact Hausdorff topological group with left [5 Marks]
Haar measure λ. For f ∈ Lp(G), 1 ≤ p < ∞, show x → xf is
uniformly continuous.

(c) Let G be a topological group. Let A be a closed subset of G [5 Marks]
and B a compact subset of G. Show that AB is closed in G. Is
the result true if A and B are closed subsets of G? Justify your
answer.
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