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(1) State whether each of the following statements are true or false and justify your
assertions:
(a) The zeros of the solution of the equation y” —y = 0 are not alternate on (—oo, ).

(b) The solutions of the initial value problem y' = f(z,y), y(xo) = yo may not be
unique although f(z,y) is continuous.

6t 2t

(¢) The matrix function ¥(t) = <et 92t

) is a fundamental matrix for the system

! . _ 0 1
Y' =AY with A = (_2 E
(d) Necessary condition for the existence of the solution of the Neumann problem
V24 =0 in D and % = f(s) on Bis [z f(s)ds = 0.

(e) The function V = (222 + 2y? + 2*) is a Lyapunov function for the system
r=y, y=—x—y—a°

(2) (a) (i) State and prove the continuity theorem for an IVP of first order.
(ii) Consider the IVP ¢/ = f(z,y),y(0) = 0 on R : |z| < §,|y| < 1. If
f(z,y) = 1 — 2zy, show that |f(x,y)| < 2, and that all the successive
approximations to the solution exist on |z| < % Also show that f satisfies
Lipschitz condition on R.
(b) (i) State and prove the Sturm separation theorem. Show that every solution
of 3" + %y = 0 has infinitely many zeros in [1, o0).
(ii) Show that every non trivial solution of the equation y” + (sinh z)y = 0 has
at most one zero in (—o0,0) and infinitely many zeros in (0, 00).

(3) (a) (i) Define a standard fundamental matrix. Let 1) be a solution matrix of the
system Y/ = AY on J, then prove that for some ty € J,

t n
det (t) = det ¥ (to) exp [ Zaﬁ(f)drl , Vteld
to j=1
(ii) Find the general solution of the following system by the method of eigen
values y1 = Y3, Yo = y1 — 3y3, Y3 = Y2 + 3ys.
(b) (i) Define the Green’s function G(z,§) for a BVP: Lly] = —f(x), a < z < b,

where
d d , ,
L=—1pl@)—| +a(@), ay(a) +azy'(a) =0, biy(b) +bay'(b) = 0.
x dz
Show that the Green’s function G(z,€) for the above BVP is symmetric.
(ii) Solve the non-homogeneous BVP using the Green function y” = —a,

y(0) =0, y(1) +y/(1) =4
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(4) (a) (i) Find the Green’s function of a BVP " = sin 3z, y(0) = 0, y(1)+2y'(1) = 0.
(ii) Define the periodic Sturm-Liouville system. Determine the eigenvalues

and eigen function of the Sturm-Liouville system 3" + Ay = 0, 0 < z <
1,9(0) =0,y(1) + hy/(1) = 0, h > 0, a is constant.

(b) (i) Let X = AX is linear autonomous system with (n x n) real non-singular
constant coefficient matrix A. Let the critical point be at the origin in R",
then prove that the critical point is (i) strictly stable if the real part of the
eigen values of A are negative, (ii) stable if A has atleast one pair of pure
imaginary eigen values of multiplicity one, (iii) unstable otherwise.

(ii) Determine stability of the critical point of the system & = —x + 2y, § =

r—y.

(5) (a) (i) If there exists a Lyapunov function V(X) in €2, then the origin is stable.
(ii) Show that u(z,y) attains its maximum on the boundary B of D, if u(z,y)
is harmonic in a bounded domain D and continuous in D = D U B.
(iii) Using the method of Fourier transform, find the solution of the Dirichlet
problem for the upper half plane
Upzy + Uyy = 0, —co<x<oo, y>0
u(z,0) = f(z), —co<z<©
with the condition that u is bounded as y — oo, u and u, vanish as
(b) State and prove the Helmholtz first theorem. Using the theory of Green’s func-

tion, find the solution of the space form of wave equation (V2 + K?2)) = 0 for
z >0, when ¢ = f(x,y) on z = 0.

(6) (a) Use the theory of Green’s function to find the solution of the three dimensional
diffusion equation in a volume V bounded by the simple surface S under the
initial and boundary condition. Show that the

1 (z—¢)2
O(x,t) = ——=e  ant

V2mkt
is a solution of diffusion equation
020 100
oz kOt
(b) Show that the solution of the interior Dirichlet problem V2 = 0 within a finite
volume V enclosed by a surface S when value of v is prescribed on 5, is given

by

k> 0.

1 _ OG(r,r") .,
v =3 o) s

Also, find the Green’s function for Dirichlet problem in a semi-infinite space.
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