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(1)

(a) Let f, g and h be paths in X such that f(1) = ¢(0) and ¢(1) =
h(0). Show that (f *g)*h =~ f* (g*h) rel {0,1}.

(b) Show that any two continuous maps from the plane R? into the
2-sphere S? are homotopic.

(c) Let A be a subspace of a space X. Give an example that A is a
deformation retract of X but not a strong deformation retract.

(a) Let X be any space. Show that R? x X is homotopically equiv-
alent to X.

(b) Let X be starlike with respect to origin and compact subspace
of the euclidean space R™. If f : X — S! is a continuous map
such that f(0) = 1 then show that, for each integer m, there
exists f : X — R such that pf = f and f(0) = m, where p is
the exponential map.

(a) If ¢ : X — Y is a homotopy equivalence then show that for any
o € X, ¢y 1 m (X, x0) = m1 (Y, ¢(20)) is an isomorphism.

(b) Determine the fundamental groups of (i) R?® with x-axis removed,
and (ii) the punctured disc D* — {(0,0)}.

(c) Show that the exponential map p: R — S' is open.

(a) Show that a space X is contractible if and only if the identity
map on X is homotopic to a constant map of X into itself.

(b) Define the degree of a loop in S based at 1. Let f and g be two
loops in S based at 1. Show that the degree of f is equal to the
degree of g if and only if f ~ g rel {(0,1)}.

(c) Show that every continuous map f : D?* — D? has at least one
fixed point.

(a) Show that the quotient map S™ — RP", which identifies pair of
antipodal points, is a covering map.

(b) Let p : X = X be a covering map, and f : I — X be a path
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with origin zy. If Zo € p~'(x() then show that there exists unique

path f: 1 — X with pf = f and f(0) = &.

(6) (a) Let p: X — X be a covering map. If X is locally path connected [6 Marks]
and C' a path component of X then show that p(C) is a path
component of X and p|z : C'— p(C') is a covering map.

(b) State the Covering Homotopy Theorem. State and prove the [5 Marks|
Monodromy Theorem.

(c) Prove that any two continuous maps from a simply connected  [3 Marks]
and locally path connected space X into S! are homotopic.

(7) (a) Let p : X — X be an n-sheeted covering map. If X is simply [4 Marks]
connected and n is a prime then prove that m (X, xg) = Z,.

(b) Let p : X — X be a regular covering map and £ € X. Show [7+3 Marks]
that the group of deck transformations A(p) is isomorphic to
m (X, p(%))/pam (X, E). Deduce that m(S',1) = Z. (Assume
that all spaces are path connected and locally path connected)



