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After a short introduction to optimal control problems in discrete time and in-
troducing the methodology based on the discrete time Bellman or HJB equation
in general, I’m going to talk about sufficient conditions and their necessity. I will
derive the weakest sufficient condition in the infinite horizon problems with un-
bounded payoffs guaranteeing that a solution of HJB solution is the value function.
Moreover, it guarantees the existence of such solution and its uniqueness under very
weak assumptions. Necessity of various parts of the condition will be also proved.
I’ll illustrate essentiality of all assumptions as well as essentiality of checking the
terminal condition which is a part of the sufficient condition. The analysed class of
problems is large enough to consider also both state constraints and state-dependent
constraints on controls. Besides, I’ll present examples showing emergence of prob-
lems, when using various heuristics instead of checking the terminal condition. I’ll
also mention continuous time analogue of some of the examples.

The weakest terminal condition was derived not in the chase for perfection. It
was needed as a tool to make the results in a popular class of problems used in
economics provable: e.g. Fish Wars and some economic growth models. The search
for counterexamples was motivated by heuristic methods commonly used to derive
the value function in papers on these models due to the fact that no standard
terminal condition is fulfilled in them and lack of consciousness of its necessity.

I will also indicate the need for analogues working in continuous time.
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